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1 Introduction

Discrete (combinatorial) optimization is a subfield of mathematical optimiza-

tion that consists of finding an optimal object from a finite set of objects, where

the set of feasible solution is discrete or can be reduced to a discrete set.

However, usually this feasible solution set is very large (due to combinatorial

explosion) and it is computationally infeasible to go through all feasible solutions

and find the one with opimal objective function value.

Example 1.1 (Task Assignment). There are n tasks and n workers. Each task has

an importance score ai and each worker has a skill level bi. We need to assign each

task to a worker such that the sum of
n
ÿ

i“1

aibσpiq is maximized.

1.1 Models of Computation: Turing Machines

Definition 1.2 (A Deterministic Turing Machine(DTM)). It consists of an

infinitely-long tape (memory) and a deterministic finite automata that controls

the head to move along the tape and read/write symbols from/to the tape cells.

Definition 1.3 (Complexity measure). Running time is the number of steps of

Turing machine.

Memory is the number of tape cells used.

Definition 1.4 (Caveat). No random access of memory

• Single-tape DTM requires ě n2 steps to detect n bit palindromes.

• EAsy to detect palindromes within cn steps on a real computer.
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1.2 Models of Computation: word RAM

Definition 1.5. Each memory location and input/output cell stores a w-bit integer

(assume w ě log2 ω).

Primitive Operations:

1.3 Polynomial Running Time

Definition 1.6. We say that an algorithm is efficient if its running time is polyno-

mial of input size n.

Example 1.7 (Task machine). Polynomial-time algorithm: selection sort/inserting

sort/quick sort/merge sort.

Non-polynomial-time algorithm: try all possible matching and output the one

with the highest score.

• Definition is relatively insensitive to model of computation.

• The poly-times algorithm that people develop have both small constants

and small exponents

• Breaking through the exponential barrier is a major challenge.

1.4 Notation

Definition 1.8. fpnq is Opgpnqq if there exist constants c ą 0 and n0 ě 1 such that

0 ď fpnq ď c ¨ gpnq for all n ě n0.

fpnq is Ωpgpnqq is gpnq P Opfpnqq.

fpnq is Θpgpnqq is both fpnq P Opgpnqq and gpnq P Opfpnqq.
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1.5 Tentative Syllabus

We will introduce three exact discrete optimization algorithms(6 weeks):

• Greedy algorithms

• Dynamic programming

• Network flows

And some approximation algorithms for intractable discrete optimization prob-

lems(9 weeks)

• Definition of approximation algorithms

– Algorithm techniques: greedy, linear programming relaxation,

semidefinite programming relaxation.

• Hardness of approximation

– Techniques: hardness reductions, Fourier analysis of Boolean func-

tions.

• Problems studied: Set-Cover, facility location, K-center, Multi-Cut, Max-

Cut, ¨ ¨ ¨

2 Greedy Algorithms

2.1 Interval Scheduling

Example 2.1 (Interval Scheduling). Input: n jobs, tpsi, fiquni“1. Goal: How to

choose jobs with maximized number such that each pair of intervals do not in-

tersect.
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Greedy Framework Consider jobs in order πp1q, πp2q, ¨ ¨ ¨ , πpnq. For each πpiq,

i “ 1, 2, ¨ ¨ ¨ , n, if πpiq compatible with all selected jobs, then select πpiq.

The choice of π: Earliest-start-time-first, Earliest-finish-time-first, Longest-job-

first, Shortest-job-first, etc.

Theorem 2.2. Earliest-finish-time-first greedy returns an optimal solution.

Proof. Suppose algorithm selects i1, i2, ¨ ¨ ¨ , ik, opt selects k1 ą k jobs.

Choose an optimal solution agrees with algorithm in first r jobs so that r

maxmized, j1, j2, ¨ ¨ ¨ , jk1 .

Obviously, r ă k. Then fir`1 ă fjr`1 . Therefore, we can replace ir`1 with jr`1 to

get another optimal solution, which contradicts to the fact that r maxmized.

2.2 Interval Partitioning

Example 2.3 (Interval Partitioning). Input: n lectures, tpsi, fiquni“1.

Goal: Position lectures into minimum number of classrooms so that in each

classroom lectures are compatible.

Greedy Framework Lectures in order πp1q, ¨ ¨ ¨ , πpnq, the number of opening

classrooms is zero in the beginning. For each πpiq,

If D opening classroom j s.t. lecture πpiq compatible with lectures in j, then

πpiq Ñ classroom j.

Else, open a new classroom for πpiq.

Proof. Introduce a concept Depth: dptq “Number of lectures active at time t, and

d “ max
t
tdptqu.

Claim 2.2.1. OPT ě d.

Lemma 2.4. Alg ď d
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Proof. Assume for contradiction.

At some point, Alg opens d` 1 classroom.

Denote the lecture being considered by i. Then it is not compatible with other

d lectures. Hence, there should be a time when d ` 1 lectures are active, which

causes contradiction.

2.3 Single-Source Shortest Path

Example 2.5 (Single-Source Shortest Path(SSSP)). Input: Graph G “ pV,E,wq, V

is the set of point and E is the set of edge with direction and ω : E Ñ Rě0.

We want to find a path from s to t with minimum total cost.

Dijkstra’s Algorithm Choose s as a source. drss “ 0, drus “
$

’

’

&

’

’

%

ωps, uq if ps, uq P E

`8 otherwise
, S “ tsu first. To record the path, we can use Predrus Ð s.

Algorithm 1 Dijkstra’s Algorithm

1: while S ‰ V do
2: Choose u P argmin

RS
tdrxsu.

3: Update S Ð S Y tuu.
4: for each x P V ´ S,pu, xq P E do
5: drxs Ð mintdrxs, drus ` ωpu, xqu.
6: if drus ` ωpu, xq ă drxs then
7: drxs Ð drus ` ωpu, xq
8: Predrxs Ð u
9: end if

10: end for
11: end while

Theorem 2.6 (Invariant). @u P S, drus is the shortest path distance s ; u

8



Proof. Induction on |S|.

For |S| “ 1 true.

Induction Step: Every time executing 2 in Algorithm 1, we need to prove drus

is the shortest distance s ; u.

If v “ Predrus P S, then drus “ drvs ` ωpv, uq.

For any path from s to u, there exists pα, βq P E such that α P S, β R S. Then

lengthpP q ě lengthpP rsÑ βsq

“ lengthpP rsÑ αsq ` ωpα, βq

ě drαs ` ωpα, βq

ě drβs ě drus

Remark 2.7. The straightforward implementation of Dijkstra’s Algorithm is of

Op|v|2q.

If we use priority queue: Q with priority Q.πpq. It has some methods:

• ExtractMin: Return argmin
xPQ
tQ.πpxqu and remove x from Q.

• DecreaseKey: Update Q.πpvqwith newkey.

The time complexity is |V |ˆ ExtractMin ` |E|ˆ DecreaseKey

Runtime ExtractMin DecreaseKey Dijkstra

Simple Array Op|V |q Op1q Op|v|2q

Binary Heap Oplog |V |q Oplog |V |q Op|E| ¨ log |V |q

Fibonacci Heap Oplog |V |q Op1q (amorized) Op|E| ` |V | log |V |q
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2.4 Minimum Spanning Tree

Example 2.8 (Minimum Spanning Tree (MST)). Input: Connected, undirected

graph G “ pV,E, ωq.

Definition 2.9 (Spanning Tree). T Ă E is a spanning tree if |T | “ |V | ´ 1, G1 “

pV, T q is connected.

Goal of MST Find spanning tree T so that ωpT q “
ÿ

ePT

ωpeqminimized.

Theorem 2.10 (Cayley Theorem). The number of spanning trees of n-vertex complete

graph is nn´2

A cut pS, V ´ Sq has a cutset of S “ te “ pu, vq : u P S, v R Su.

Claim 2.4.1. Any cycle C and cutset D has intersection |C XD| even.

Fundamental Cycle: Given G and spanning tree T Ă E, for each e P EzT , the

unique cycle in T Y teu is called Fundamental cycle.

Claim 2.4.2. For a fundamental cycle C related with e, @f P C X T , pT Y teuqztfu

is also a spanning tree.

If T is MST , then ωpeq ě ωpfq.

Fundamental Cut: Spanning tree T Ă E. For each f P T , T ztfu has two

connected components, whose cutset is called fundamental cut.

Claim 2.4.3. @e P DzT , pT Y teuqztfu is a spanning tree.

If T is MST, then ωpeq ě ωpfq.

MST Algorithm There are some rules. Red rule:Let C a cycle without red edges.

Select an uncolored edge in C with max weight and color it red.

Blue rule: Let D be a cutset without blue edges. Select an un colored edge in

D with min weight and color it blue.
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Greedy Algorithm:Apply red or blue rules in any order iteratively until all

edges colored.

Theorem 2.11. Greedy algorithm terminates and blue edges from MST.

Proof. Observed that during the algorithm, blue edges always from a forest.

Invariant DMST T ˚ s.t. T ˚ contains all blue edges and no red edges.

Proof. Proof by induction. If there is a MST T ˚ contains all blue edges no red

edges now. If we apply blue rule, with cutset D and f P D but f R T ˚, then for

fundamental cycle C of f , @e P C X T , ωpeq ě ωpfq. Since C has even edges in the

cutset by the claim, De P C X T s.t. e P D, which contradicts the fact that f is the

edge in cutset D with min weight.

The case that we apply red rule is similar.

Algorithm 2 Prim’s Algorithm

1: Initialize S Ð tsu.
2: while n´ 1 times do
3: Choose e be the min weight edge in the cutset pS, V zSq
4: add e to T , another endpoint of e to S.
5: end while

Remark 2.12. It is compatible with the simple idea: Each time chooses the min

weight edge. However, it is more powerful since we only need to do this process

in the cutset.

It is similar to Dijkstra’s Algorithm. So its time complexity is Op|E| `

|V | log |V |q

Remark 2.13. The first step need time complexity Op|E| log |E|q.

The second step need time complexity Op|E| ¨ αp|V |qq using Union-Find data

structure.
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Algorithm 3 Kruskal’s Algorithm

1: Consider edges in weight increasing order.
2: Add each edge to T if not introducing a cycle.

WLOG we can assume edge weights are distinct.

Algorithm 4 Boruvka’s Algorithm

1: while ă pn´ 1q blue edges do
2: Simultaneously apply blue rule to each blue compunent.
3: end while

Claim 2.4.4. WHILE loop iterates ď Oplog |V |q.

So time complexity is Op|E| log |V |q.

Remark 2.14. There is a "contraction View". For each step, we can view each

component as a single point with edges to other components.

If the graph is Planar Graph, then |E| ď OpV q. At the i-th WHILE iteration,

|Vi| ď
|V |

2i´1
, |Ei| ď Op|Vi|q.

So the time complexity is
ÿ

i

Op|Ei|q ď
ÿ

i

O

ˆ

|V |

2i´1

˙

ď Op|V |qwhich is linear!

Using the contraction view, we can get another algorithm:

Prim+Boruvka

• Run Boruvka for k iterates.

• Run Prim on the contracted graph.

Remark 2.15.

For step 1, time complexity is k ¨ |E|.

For step 2, time complexity is |E| `
|V |

2k
¨ log

|V |

2k
.

So the total time complexity is k|E| `
|V |

2k
¨ log

|V |

2k
.
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Choose k “ log2 log2 |V |, it comes to plog log |V |q ¨ |E| `
|V |

log2 |V |
¨ log2 |V | ď

Op|E| log log |V | ` |V |q.

2.5 Minimum Arborescence

Example 2.16 (Minimum Arborescence). Input: Directed G “ pV,Eq, source s P V

and weight ω : E Ñ R.

We want to find an arborescence T “ pV,Eq with root r of minimum total

weight.

Definition 2.17. Given directed G “ pV,Eq and r P V , n “ |V |,m “ |E|, F Ă E is

an arborescence if

• F is a spanning tree if ignoring directions

• @v P V , D unique path r Ñ v in F .

Or equivalently, F has no directed cycles and every node v␣r has a unique in-

coming edge.

For this problem, WLOG we can assuem that the root r has no in-degree and

assume ω ě 0.

For each n ‰ r, let

cheappvq “ argmine“pu,vqPEtωpequ

Claim 2.5.1. Let F “ tcheappvq|v ‰ ru. F is arborescenseñ F is min-cost.

Define ωrpu, vq “ ωpu, vq ´ ωpcheappvqq. Suffices to find the min-cost arbores-

cence under ωr.
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If F is not an arborescense, then D a directed cycle C with all edges of weight

0.

Using the contraction view, if we contract "0-cycle" and keep this process re-

cursively. By taking degrees carefully we can easily confirm the legallity of the

contraction view. Then suffices to prove it is indeed the min-cost arborescence

when we expand after.

Theorem 2.18. The min-cost arborescence rF when we apply contraction to 0´cycle is

exactly the min-cost arborescence in the original graph after expanding.

Lemma 2.19. D min-cost F ˚ s.t. only 1 edge in F ˚ entering C.

Proof. Our goal is to prove ωrpF q ď ωrpF
˚q.

Let F ˚
C “ F ˚ X pC ˆ Cq. Then |F ˚

C | “ |C| ´ 1.

Apply C-contraction to F ˚zF ˚
C we obtain an arborescence of rG. (Easy to check)

So
ÿ

ePF˚zF˚
C

ωrpeq ě
ÿ

eP rF

ωrpeq

So ωrpF
˚q ě ωrpF q

Proof of Lemma. Choose any v P C.

Let px, yq P r Ñ v be the first edge entering C.

Delete the edge entering Cztyu and add the edge of circle except the edge

entering y.

Then it is an arborescence of less cost.
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3 Dynamic Programming

3.1 Weighted Interval Scheduling

Example 3.1 (Weighted Interval Scheduling). Input: n jobs, tpsi, fiq, ωiu
n
i“1. Want

to find
ř

ωik maximum.

To make the structure simpler, we WLOG assume s1 ď s2 ď ¨ ¨ ¨ ď sn. We may

Algorithm 5 Searchpiq

1: j Ð min id ą i, sj ě fi.
2: Return maxtSearchpjq ` ωi, Searchpi` 1qu.

find that there is a lot of repetitive computation. We can record each Searchpiq

Algorithm 6 Search´Memorizationpiq

1: If i ą n, RETURN 0
2: If i ‰ bottom, RETURN F ris.
3: jpiq Ð mintj|sj ě fiu.
4: F ris Ð maxtSearch´Mpjpiqq ` ωi, Search´Mpi` 1qu
5: RETURN F ris

It can be written as

$

’

’

&

’

’

%

F ris “ maxtF rjpiqs ` ωi, F ri` 1su

F rn` 1s “ 0

Such an equation is called Bellman Equation. So Dynamic Programming is a

method to solve the problem by finding the optimal solution of each subproblem.

We sometimes need to record the optimal solution of each subproblem to avoid

repetition.
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3.2 Segmented Least Square

Example 3.2 (Least Square). We have n points tpxi, yiqu
n
i“1. We want to find a line

y “ ax` b to minimize

SSE “
n
ÿ

i“1

ryi ´ paxi ` bqs2 (3.1)

Actually,
$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

a “
n
ř

i xiyi ´ p
ř

i xiq p
ř

i yiq

n
ř

i x
2
i ´ p

ř

i xiq
2

b “

ř

i yi ´ a
ř

i xi

n

Example 3.3 (Segmented Least Square). Input: tpxi, yiqu
n
i“1, c ą 0.

Goal: Minimize l “ E ` cL for piecewise line, where c is the hyperparameter,

L is the number of the segments.

WLOG, assume x1 ă x2 ă ¨ ¨ ¨ ă xn.

We can define its subproblem as

OPTris : min loss

when in put is px1, y1q, ¨ ¨ ¨ , pxi, yiq.

Find solution OPTrns. The boundary condition is OPTr1s “ OPTr2s “ c and

the Bellman Equation is

OPTris “ min
1ďjěi

tOPTrj ´ 1s ` lji ` cu

3.3 Knapsack Problem

Example 3.4 (Knapsack Problem). Input: n items, wi, vi for its weight and value.

The capacity of knapsack is w.
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If assume integral weight, then denote OPTri, ws as the optimal total value

when in put is first knapsack capacity is w.

The Bellman Equation is

OPTri, ws “

$

’

’

&

’

’

%

OPTri´ 1, ws w ă wi

maxtOPTri´ 1, ws, vi `OPTri´ 1, w ´ wisu, w ě wi

It has time complexity Opnwq, which is not a polynomial algorithm.

We can find another Value-Based DP: (Also assume integral values)

OPTri, vs: choose min weight items.

from item 1, 2, ¨ ¨ ¨ , i so that total value ě v.

The final solution for maxmial v s.t. OPTrn, vs ď w.

OPT ri, vs “ min

$

’

’

&

’

’

%

OPTri´ 1, vs

wi `OPTri´ 1, pv ´ viq
`s

OPTr0, vs “

$

’

’

&

’

’

%

0 v “ 0

`8 v ą 0

The time complexity is Opn2vq.

Now we consider a α-approximation algorithm that ALG ě α ¨ OPT for

α P p0, 1s.

Let ε “ 1´ α.

Algorithm 7 Knapsack Problem

1: Assume WLOG wi ď W so that V ě OPT.

2: Set K “
εV

n
. Let v1

i “

” vi
K

ı

3: Run value-based DP to find optimal solution T for I 1

4: Return T as a solution to I .
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It is a feasible solution and

ÿ

iPT

v1
i “ OPTpI 1q

ě vpS; I 1q, @feasibleS

ě vpT ˚, I 1q

“
ÿ

iPT˚

v1
i

“
ÿ

iPT˚

” vi
K

ı

ě
ÿ

iPT˚

´ vi
K
´ 1

¯

ě
1

k

ÿ

iPT˚

ÿ

iPT˚

vi ´ n

“
1

K
OPTpIq ´ n

So ALG ě
ÿ

iPT

K ¨ v1
i ě OPTpIq ´ nK ě p1´ εqOPTpIq.

The time complextity is Opn2V 1q “ Opn2 V
K
q “ Opn3ε´1q.

Remark 3.5. The time complextity depends on the accuracy ε instead of the max-

imum value V since the accuracy is based on scale.

In other words, ε´1 in time complexity represents not only accuracy but also

the "size" of scale.

Fully Polynomial-Time Approximation Scheme(FPTAS) @ε, D p1 ´ εq-

approximation algorithm with time complexity fpn, εq “ polypn, 1
ε
q.

PTAS : @ε, D p1 ´ εq-approximation in time fεpnq “ polypnq. For this algorithm,

it is pn ¨ 2
1
ε , n

1
ε q.
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3.4 RNA Secondary Structure

Example 3.6 (RNA Secondary Structure). RNA is a string b1b2 ¨ ¨ ¨ bn where bi P

tA,C,G, Uu.

The secondary structure is what fold to form "base pairs" including:

U ¨ ¨ ¨A,A ¨ ¨ ¨U,C ¨ ¨ ¨G,G ¨ ¨ ¨C

Mathematically, second structure represented by set of base pairs S “ tpi, jqu,

*) @pi, xq P S, pbi, bjq P tU ¨ ¨ ¨A,A ¨ ¨ ¨U,C ¨ ¨ ¨G,G ¨ ¨ ¨Cu

*) no sharp turns: @pi, jq P S, i ă j ´ 4,

*) non-crossing: @pi, jq, pk, lq P S, cannot have i ă k ă j ă l.

Goal: Maximize |S|.

A direct idea is to construct those subproblems:

OPTri, js “ max
iďkăj´4

$

’

’

&

’

’

%

OPTri, j ´ 1s bj not matched

1`OPTri, k ´ 1s `OPTrk ` 1, j ´ 1s bj matched with bk

OPTri, js “ 0 when i ď j ă i` 4

3.5 Sequence Alignment(Edit Distance)

Example 3.7. For a wrong-spelled word, what cost do we need to make it right,

using the gap and mismatch.

Or what is its edit distance to the correct word.
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Mathematically, for string pa1 ¨ ¨ ¨ anq, pb1 ¨ ¨ ¨ bmq, a matching M “ tpi, jqu such

that there is no pi1, j1q, pi2, j2q PM s.t. i1 ă i2 but j2 ă j1. Define its cost

costpMq “
ÿ

pi,jqPM

αaibj `
ÿ

iPrns,i not in M

`
ÿ

jPrms
j not in M

δ

ÿ

pi,jqPM

αaibj is the mismatch cost and
ř

iPrns,i not in M `
ř

jPrms,j not in M δ is the gap

cost

Define OPTri, js is the edit distance between a1a2 ¨ ¨ ¨ ai and b1b2 ¨ ¨ ¨ bj .

OPTri, js “ min
1ďkďj

“

$

’

’

&

’

’

%

δ `OPTri´ 1, js ai not matched

αaibk ` δ ¨ pj ´ kq `OPTri´ 1, k ´ 1s aimatched with bk

However, for each case it can be divided into three cases:

OPTri, js “ min

$

’

’

’

’

’

&

’

’

’

’

’

%

OPTri´ 1, j ´ 1s ` αaibj

OPTri´ 1, js ` δ

OPTri, j ´ 1s ` δ

The question is, if we need to trace the matching process, the space complexity

is Opnmq, too large.

Here we use binary search.

Algorithm 8 Binary Search

1: Compute Arjs “ drp0, 0q Ñ pn
2
, jqs and Brjs “ drpn

2
, jq Ñ pn,mqs,

2: find j˚ “ argminj Arjs ` Brjs.
3: Run the sub-process p0, 0q Ñ pn

2
, j˚q and pn

2
, j˚q Ñ pn,mq

The complexity is still Opnmq ` 1
2
Opnmq ` ¨ ¨ ¨ ` 1

2k
Opnmq “ Opnmq.
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3.6 Matrix Multiplication

Example 3.8 (Matrix Multiplication). Consider M1 ¨M2 ¨ ¨ ¨Mk where Mi is a ni´1ˆ

ni matrix.

We want to find the optimal multiplicative order such that the time cost is

minimal.

Denote OPTri, js is the min from Mi to Mj .

Using the binary tree, consider the last multiplication

OPTri, js “ min
iďlăj

tOPTri, ls `OPTrl ` 1, js ` ni´1nlnju

4 Flow Network

4.1 Definition

Example 4.1. For directed graph G “ pV,E, s, t, cq where s is the source and t is

the sink. c : E Ñ Rě0 is the capacity function.

The st-flow is f : E Ñ Rě0 s.t.

1) @e P E, fpeq ď cpeq.

2) @v P V zts, tu,
ÿ

pu,vqPE

fpu, vq “
ÿ

pv,uqPE

fpv, uq, i.e. flow conservation.

valpfq “
ÿ

ps,uqPE

fps, uq ´
ÿ

pu,sqPE

fpu, sq

Our goal is to maximize valpfq

An st-cut is a partition pA,Bq of V such that s P A, t P B, the capacity

cpA,Bq “
ÿ

pu,vqPE
uPA,vPB

cpu, vq
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Claim 4.1.1. @ feasible flow f and st-cut pA,Bq,

valpfq ď cpA,Bq

Residual Network Given flow network G, feasible flow f , the residual network

Gf pv, Ef , s, t, cf q is for each e P E

cf peq “ cpeq ´ fpeq ` fpereverseq

where uÑ v is on the flow.

Claim 4.1.2 (Weak Duality). f 1 is a feasible flow in Gf if and only if f‘f 1 is feasible

in G, where

pf ‘ f 1qpeq “ fpeq ` f 1peq ´ f 1pereverseq

An augmenting path P is an unsaturated sÑ t path in Gf .

Algorithm 9 Augment pf, P q

1: Let δ “ min
ePP

cf peq.

2: for e “ pu, vq P P do
3: if e P E then
4: fpeq Ð fpeq ` δ
5: else
6: fpv, uq Ð fpv, uq ´ δ
7: end if
8: end for

Now we give the Ford-Fulkerson Algorithm.

Theorem 4.2. If F-F algorithm terminates, it finds a max flow.
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Algorithm 10 Ford-Fulkerson Algorithm

1: f Ð 0
2: while D augmenting path P in Gf do
3: Augmentpf, P q
4: end while
5: return f

Claim 4.1.3. @ st-cut pA,Bq, st-flow f , we have

valpfq “
ÿ

uPA,vPB
pu,vqPE

fpu, vq ´
ÿ

uPE,vPA
pu,vqPE

fpu, vq

It proves the previous claim weak duality.

Proof.

valpfq “
ÿ

ps,vqPE

fps, vq ´
ÿ

pu,sqPE

fpu, sq

`
ÿ

ωPA´tsu

¨

˝

ÿ

pu,wqPW

fpu,wq ´
ÿ

pw,vqPE

fpw, vq

˛

‚

Proof of the Theorem 4.2. Consider the residue graph G.

Denote A to be the set of nodes reachable from s. B “ V zA. t P B since there

is no path from s to t.

Then st-cut pA,Bq has capacity cf pA,Bq “ 0. So for u P B, v P A, since fpu, vq ‰

0ñ cf pv, uq ą 0, we have cf pv, uq “ 0ñ fpu, vq “ 0.

valpfq “
ÿ

uPA,vPB
pu,vqPE

fpu, vq ´
ÿ

uPB,vPA
pu,vqPE

fpu, vq
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“
ÿ

uPA,vPB
pu,vqPE

cpu, vq ´ 0

“ cpA,Bq

Now suffices to proof that the algorithm terminates.

Lemma 4.3. If capacities are integral and less than c, then F-F terminates in OpnmCq

time and returns an integral max flow.

The lemma implies we should choose some proper path so that it will termi-

nate fast.

Assume the integral capacities ď C and Gf p∆q denoted as Gf with edges of

capacites ě ∆.

Algorithm 11 Capacity-Scaling Algotihm

1: Initiate f ” 0, ∆Ð largest 2k ď c.
2: while ∆ ě 1 do
3: while D augmenting path P in Gf p∆q do
4: Augmentpf, P q
5: end while
6: ∆Ð ∆{2
7: end while

Theorem 4.4. The C-S runs in time Opm2 log cq since the step 2 runs for Opmq itera-

tions.

Lemma 4.5. Every time inner WHILE terminates, max-flow value is less than valpfq `

m∆.

Corollary 4.6. Each inner WHILE iterates ď 2m. The times complexity is Opm2 logCq
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Proof of Lemma. We let A be all nodes reachable from s and B “ SzA.

valpfq “
ÿ

ePE from A to B

fpeq ´
ÿ

ePE from B to A

fpeq

ą
ÿ

ePE from A to B

pcpeq ´∆q ´
ÿ

ePE from B to A

p∆q

“ cpA,Bq ´
ÿ

ePE between A,B

∆

ě cpA,Bq ´m∆

ě MaxFlow ´m∆

Algorithm 12 Shortest Augment Path

Initiate f Ð 0.
while DsÑ t path in Gf do

Find P : sÑ t in Gf using least number of edges.
Augment pf, P q.

end while

Lemma 4.7. Length of the shortest augmenting path never decreases.

Lemma 4.8. After ď m iterations, length of the shortest augmenting path strictly in-

creases. Time complexity is Opnm2q

Proof. Assume f
augmentpf,Pq
ÝÝÝÝÝÝÝÑ f 1 Denote lpuq, l1puq as the length of the shortest sÑ u

path in Gf , Gf 1 respectively.

Our goal is to prove lpuq ď l1puq.

lpuq determines "distance" to s.

Define the level graph as the set of all pu, vq P EpGf q such that lpuq ` 1 “ lpvq.

Call edges not belong to level graph as back edge.
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Observation Consider any e P EpGf 1qzEpGf q, e must be a back edge in Gf .

Choose u such that l1puq ă lpuq and l1puqminimized.

If pv, uq is the edge in the shortest path of Gf 1

lpvq ď l1pvq “ l1puq ´ 1 ă lpuq ´ 1 ď lpuq ´ 2

so pu, vq is not a back edge in Gf , hence pv, uq R EpGf 1q, which causes contradic-

tion.

Lemma 4.9. After ď m augmentation, Du, lpuq strictly increases. It goes on no more n2

times, so the time complexity is Opn2m2q.

Proof. This lemma is much easier than the previous lemma.

Noticed that each augmentation adds back edges and removes at least one

edges in level graph.

Proof of Lemma 4.8.

Claim 4.1.4. During the period when lptq doesn’t increase, the added edges in

residual graph does not appear in shortest augmenting path.

Suppose for contradiction: Dj ă i, ljptq “ liptq, D pv, uq appears in the shortest

augmenting path P in Gfi and ljpvq “ ljpuq ` 1.

Choose the edge pv, uqwith smallest i and then with largest lipuq.

Then lipuq ě ljpuq ` 2. So

ljptq ď ljpuq ` |P ruÑ ts|

ď lipuq ` |P ruÑ ts| ´ 2

ď liptq ´ 2
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Recent work [Chen et at al. ’2022] we can do in Opm1`op1qq.

4.2 Appllication

4.2.1 Bipartite Matching

Example 4.10 (Bipartite Matching). For Bipartite graph G “ pU, V,Eq, a matching

M Ă E, we want to find M to maximize |M |.

We can construct two virtual nodes s, t such that s Ñ all nodes in U and t Ñ

all nodes in V , with capacity 1.

Then the maximum capacity of flow in the augmented graph is what we need.

So the meaning of capacity can be generalized as the number of one node

who can accommonded

Now consider so-called "perfect matching", i.e. |M | “ |U | “ |V |.

Note that D perfect matching s.t. @S Ă U , |ΓpSq| ě |S|.

Theorem 4.11 (Hall’s Theorem). The inverse still holds. i.e. If @S Ă U , |T pSq| ě

|S|, then DM is perfect matching if |M | “ n.

Proof. It suffices to prove max-flow“ n. Or equivalently, to prove min-cutě n.

i.e. @ s-t cut pA,Bq, cpA,Bq ě n.

cpA,Bq ă `8
1
ùñ if u P A then Γpuq P Añ ΓpAX Uq Ă AX V .

cpA,Bq ě |B X U | ` |AX V |

ě n´ |AX U | ` |ΓpAX Uq|

ě n
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Remark 4.12. Here we mark the weight between U and V to be 8 such that the

fact 1 holds.

The duality of max-flow and min-cut is very useful in this problem.

4.2.2 Network Connectivity

Example 4.13 (Network Connectivity). Directed G “ pV,Eq, source s, sink t. Then

Max-flow = the maximum numbered of edge-disjoint s Ñ t path. Two paths are

called edge-disjoint if they have no edge in common.

Connectivity of the graph is defined as the min
E1ĂE

|E 1| such that s Ñ t discon-

nected in pV,EzE 1q

Theorem 4.14 (Menger’s Theorem). Connectivity=min-cut=max-flow=maximum

number of edge-disjoint sÑ t path.

4.2.3 Circulation

Example 4.15. Directed graph G “ pV,Eq with capacity c : E Ñ Rě0 and node

demand d : V Ñ R. (dpuq ă 0 means the supply node)

We have the flow conservation

ÿ

e into u

fpeq0´
ÿ

e out of u

fpeq “ dpuq, @u

Our task is to decide whether there exists a feasible flow f satisfies the flow

conservation.

Indeed, we can consrtuct two vitual nodes s, t such that s to all nodes with

demand d ă 0, equipped with capacity d and t has edges from all nodes with

demand d ą 0, equipped with capacity d.
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Then the task is equivalent to check whether the max-flow saturates all edges

out of s and in of t.

Moreover, we can use the cut to discuss.

We have:

E feasible circulationô D cut pA,Bq s.t. cpA,Bq ă
ÿ

vPB

dpvq.

Remark 4.16. This crieterion, similar as Hall’s Theorem 4.11, is so-called "poly-

nomial proof ", under the meaning that for a specific case, we can give a proof in

polynomial time to check.

Flow Lower Bounds If we have a capacity constraint such that

lpeq ď fpeq ď cpeq, @e P E

Then it suffices to add the lower flow at first. For example, for two nodes with

demand 0 and edge with amount in r4, 6s, we can replace it with

4
r0,6s
ÝÝÑ ´4

4.2.4 Survey Design

Example 4.17 (Survey Design). We ask n1 customers about n2 products. Ask cus-

tomer i the number between rci, c1
is products and ask the number between rpj, p1

js

customers questions about product j.

We want to find if there is a feasible survey design.

It is equivalent to give each edge a weight interval, where s Ñ i with rci, c1
is,

iÑ j with r0, 1s and j Ñ t with rpj, p1
js.
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4.2.5 Airline Scheduling

Example 4.18 (Airline Scheduling). Flight i from the origin oi at time si to the

destination di at time fi.

We want to know what is the minimum number of crews in flights that can be

scheduled. A feasible schedule for one crew is a set of flights ti1, i2, ¨ ¨ ¨ u such that

fik ď sik`1
, dk “ ok`1.

We can construct a graph with nodes oi Ñ di. The edges oi Ñ di with weight

r1, 1s. If the schedule from flight i to flight j is feasible i.e. fi ď sj , we let edge

iÑ j with weight interval r0, 1s.

Then a feasible flow gives a feasible schedule. To limit the total amount, we

can determine the minimum number.

Remark 4.19. The weight interval have a broader meaning in this problem. With

different view of nodes and edges, we can transform it into different limitations.

4.2.6 Image Segmentation

Example 4.20 (Image Segmentation). For an image, pij ě 0 is the separation

penalty if neighbors i, j belongs to different partitions.

ai ě 0 is the likelihood that i P A (foreground) bi ě 0 is the likelihood that

i P B (background)

Our goal is to partition pixels into A,B, to maximize

ÿ

iPA

ai `
ÿ

jPB

´
ÿ

i,j neighbors
|ti,juXA|“1
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It is equivalent to

minimize ´
ÿ

iPA

ai ´
ÿ

jPB

bj `
ÿ

i,j neighbors
|ti,juXA|“1

pij

ô minimize
ÿ

iPB

ai
ÿ

jPA

bj `
ÿ

i,j neighbors
|ti,juXA|“1

pij

Then we can construct a visual source with edges to all pixels with weight ai and

a visual sink with edges from all pixels with weight bi. All neighbors of pixel have

edges of weight pij from each other

Remark 4.21. This example focuses on the optimal sum of net flow. To construct

visual source, sink and proper edges, we can optimize some sum of structure with

related constraints.

4.2.7 Project Selection

Example 4.22 (Project Selection). v Ñ w, v depends on w. Our goal is to find a

feasible set S of projects(if v P S, then all prequisites of v P S) to maximize

ÿ

vPS

ppvq

• Introduce the virtual source node s and the virtual sink node t.

• Assign a capacity of8 to each prerequisite edge.

• Add edge ps, vqwith capacity ppvq if ppvq ą 0.

• Add edge pv, tqwith capacity ´ppvq if ppvq ă 0

Then the min-cut pA,Bq satisfies:
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1) @pu,wq P E, u P S ñ w P A

2)

cpA,Bq “
ÿ

vPB
ppvqą0

ppvq `
ÿ

vPA
ppvqă0

p´ppvqq

“
ÿ

v:ppvqą0

ppvq ´
ÿ

vPA
ppvqą0

ppvq ´
ÿ

vPA
ppvqă0

ppvq

“
ÿ

v:ppvqą0

ppvq ´
ÿ

vPA

ppvq

So it suffices to compute cpA,Bq!

Remark 4.23. Use edges of capacity 8, we can reduces some situation we do not

want.

4.2.8 Baseball Elimination

Example 4.24. Given set of team S, distinguished team z P S. Team x has won wx

games already. Team x and y play each other rxy additional games.

Given the current standings, is there any outcome of the remaining games in

which team z finishes with the most (or tied for the most) wins?

Assume team z wins all remaining games. M “ wz `
ÿ

x

rzx.

We want to arrange the remaining games that do not involve team z so that all

other teams have ďM wins.

• Construct two virtual nodes s and t.

• Assign a capacity of8 to the edge from the match i´ j to team i and j.

• Assign a capacity of M ´ wi to the edge from team i to t.
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• Assign a capacity of rij to the edge from team s to the match i´ j.

Then z can possibly win the most games iff the max-flow saturates for all edges

from s.

Certificate of Elimination T Ă t2, 3, ¨ ¨ ¨ , nu, ωpT q “
ÿ

iPT

ωi, rpT q “
ÿ

iăjPT

rij ,

ωpT q ` rpT q

|T |
ąM .

Noticed that if the following equation holds, then team z is theoretically elim-

inated.
ωpT q ` rpT q

|T |
ąM (4.1)

Theorem 4.25. Team q is theoretically eliminated iff DT Ă t2, 3, ¨ ¨ ¨ , nu s.t. (4.1) holds

Proof. If @T Ă t2, 3, ¨ ¨ ¨ , nu,
ωpT q ` rpT q

|T |
ăM , then

min´ cut ě
ÿ

1ăiăiďn

rij “ rpt2, 3, ¨ ¨ ¨ , nuq

That’s because, if we consider any s´ t cut pA,Bq such that cpA,Bq ă `8.

1) i P B ñmatch i´ j P B, @j.

cpA,Bq ě
ÿ

iPA

pM ´ wiq `
ÿ

iPB or jPB
1ăiăjďn

rij

“ rpt2, 3, ¨ ¨ ¨ , nuq ` |Aztsu| ¨M ´ ωpAztsuq ´ rpAztsuq

ě rpt2, 3, ¨ ¨ ¨ , nuq

The inverse is trivial.

Remark 4.26. Note that we use the duality of max-flow and min-cut in this prob-

lem.
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5 Introduction to Approximation Algorithm

There are plenty of NP-hard optimization problems.

Example 5.1 (3-CNF). For n Boolean variables tx1, x2, ¨ ¨ ¨ , xnu.

A literal is either a value xi or negative value x̄i.

A clause is a disjunction of literals. e.g. px1 _ x2 _ x̄3q.

A CNF is the conjunction of clauses. e.g. px1 _ x2 _ x̄3q ^ px1 _ x̄2 _ x3q.

A 3-CNF is a CNF with at most 3 literals in each clause.

Decision problems Check whether we can choose x1, ¨ ¨ ¨ , xn

For maximization problems, A is an α-approximation algorithm if

ValpApIq, Iq ě α ¨OPTpIq, α P p0, 1s

For minimization problem, it will be

ValpApIq, Iq ď α ¨OPTpIq, α P r1,8q

Max-cut problem: Find the maximal number of bichromatic edges using 2

colors. We have

|edgepA,Bq| “
n
ÿ

i“1

maxtai, biu ě
n
ÿ

i“1

ai ` bi
2

“
1

2
|E| ě

1

2
OPT

So this is a 1
2
-approximation algorithm for max-cut problem.

However, if we consider it as a minimization problem, the value can be 0,

so the scale can be `8. Hence, it is different if we consider the approximation

algorithm of min-uncut or max-cut problems.
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Decision Problems Natural Optimization Problems
Is there a truth assign-
ment that satisfies the 3-
CNF formula?

Maximize the number of clauses sat-
isfied by a truth assignment.

3-coloring (NP-complete)

• Min-coloring

• Max-3-cut: Max number of
bichromatic edges using 3 col-
ors.

• Min-3-Uncut: Min number of
monochromatic edges using 3
colors.

2-colorin (P complete)

• Max-cut

• Min-Uncut

Vertex Cover: Given G “

pV,Eq, k. Decide whether D
Vertex-Cover using ď ver-
tices.

Min-vertex-Cover: Given G “ pV,Eq.
Find S Ă V s.t. @e “ pu, vq P E,
|tu, vu X S| ě 1, |S| is minimized.

Table 1: Comparison of Decision Problems and Natural Optimization Problems

c vs. s Decision Problem Decide whether OPTpIq ě c or OPTpIq ă s. If

OPTpIq ě c, return YES, else if OPTpIq ă s, return NO.

c vs. s Decision Problem Given I s.t. OPTpIq ě c, find a solution x s.t.

Valpx; Iq ě s.

Theorem 5.2. Suppose A solves c vs. s Search problem in poly-time, then D poly-time A1

that solves c vs. s decision problem.

The algorithm is as follows:
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Algorithm 13 Greedy

initiate A,B ÐH

for i from 1 to n do
Let ai Ð number of edges between A and i.
Let bi Ð number of edges between B and i.
if ai ă bi then

AÐ AY tiu.
else

B Ð B Y tiu
end if

end for

Algorithm 14 c vs. s Search

1: xÐ ApIq

2: if Valpx; Iq ě s then

3: return YES

4: else

5: return NO

6: end if

Fact 5.3.

(1) A is α-approximation algorithmñ A is c vs. αc search algorithm @c.

(2) D c vs. spcq search algorithmñ D α-approximation algorithm where α “ inf
c
t
spcq

c
u

(3) (contrapositive of A ) c vs. s decision problem "hard"ñ s
c
-approximation algorithm

"hard".

Remark 5.4. The same c vs. s algorithm in max-cut and min-uncut problems

might correspond to quite different approximation ratios.

5.1 Set-Cover

Example 5.5 (Set-Cover). Universe U “ t1, 2, ¨ ¨ ¨ , nu. S1, S2, ¨ ¨ ¨ , SM Ă U .
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Our goal is to find T Ă tS1, ¨ ¨ ¨ , SMu such that YSPTS “ U and |T |minimized.

Of course, it can be represented as Max-Coverage problem: Given additional

input k. Find T Ă tS1, ¨ ¨ ¨ , SMu s.t. |T | “ k and | YSPT S|maximized.

It has a greedy algorithm:

Algorithm 15 Greedy

1: T ÐH

2: repeat

3: Let Si be the set that covers the most uncovered elements.

4: T Ð T Y tSiu.

5: U Ð UzSi.

6: until

$

’

’

&

’

’

%

All elements covered set cover

|T | “ k max-coverage

Fact 5.6. Suppose Dm sets covering U . After t choices, T covers 1´
ˆ

1´
1

m

˙t

fraction

of elements.

Corollary 5.7. The greedy algorithm is rlnns approximation for set-cover

Proof. Let m “ OPT. After t “ rlnns ¨m choices, number of uncovered elements

ˆ

1´
1

m

˙rlnns¨m

¨ n ě
1

n
“ 1

Corollary 5.8. Greedy is 1 vs. 1´ 1
e

approximation for Max-coverage.

Proof. Set m “ k. After t “ k choices, coverage of T :

1´ p1´
1

k
qk ě 1´

1

e
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Fact 5.9. 1 vs. 1- γ approximation for ma-coverage ñ rlog1´γ
1
n

s-approximation for set-

cover.

Proof. "Guess" k “ OPTset´cover.

Repeatly invoke Apkq ¨ rlog1´γ
1
n

s times. Then number of uncovered elements

n ¨ p1´ γqrlog1´γ
1
n

s ě n ¨
1

n
“ 1

In fact, we can construct an extreme case for greedy algorithm:

Figure 5.1: Extreme case for greedy algorithm

5.2 Weighted Min Set-cover and Randomized Rounding

Example 5.10 (Weighted Min Set-cover). Given n elements, M sets, S1, ¨ ¨ ¨ , SM Ă

U . Each set Si has a weight wpSiq ą 0.
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Now select T Ă tS1, ¨ ¨ ¨ , SMu such that
ÿ

SPT

wpSqminimized.

Integer Program: Minimize
M
ÿ

i“1

wpSiqxi. Subject to
ÿ

i:jPSi

xi ě 1, @j P U , where

xi P t0, 1u, @i P rM s.

If we relax the integer constraint, we have an LP relaxation: xi P r0, 1s, which

can be solved in poly-time since it is a linear program.

We need "rounding" to transform fractional solution to the integer solution.

5.2.1 Randomized Rounding

If tx˚
i u is the optimal LP solution. For each si, select si P T independently with

probability mintαx˚
i , 1u. Then

ErwpT qs ď α
M
ÿ

i“1

wpsiq, x
˚
i “ α ¨ LP ď α ¨OPT

Now we want to estimate PrrT covers U s.

If there is some αxi ě 1, then PrpT covers Uq “ 1. If @i, x˚
i ă 1, then

PrrT covers U s “ 1´ PrrDj P U, j R T s

ě 1´
ÿ

jPU

Prrj R T s

“ 1´
ÿ

jPU

ź

i:jPSi

p1´mintαx˚
i , 1uq

ě 1´
ÿ

jPU

ź

i:jPSi

expp´αx˚
i q (If some x˚

i ă 1, the probability will be 0)

“ 1´
ÿ

jPU

expp´
ÿ

jPSi

αx˚
i q

“ 1´
ÿ

jPU

expp´αq

Therefore, we obtain
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Claim 5.2.1.

Prpevery element coveredq ě 1´ n ¨ e´α

If we set α “ lnn` ln lnn, then

Prrε1sPrrevery element covereds ě 1´ n ¨ e´ lnn´ln lnn

“ 1´
1

n lnn

ě 1´
1

lnn

We should also focus on EpwpT qq ď α ¨OPT. Here we use the Markov Inquality:

Theorem 5.11 (Markov Inequality). For Random Variable X ě 0, PrpX ě tEXq ď 1
t

Proof.

EX “ ErX|X ě αs ¨ PrpX ě αq ` ErX|X ă αs ¨ PrpX ă αq

ě α ¨ PrrX ě αs

Therefore, PrrX ě αs ď EX
α

So

Prrε2sPr

«

ÿ

i

wpSiqyi ě plnn` 2 ln lnnqOPT

ff

ď
lnn` ln lnn

lnn` 2 ln lnn

“ 1´
ln lnn

lnn` 2 ln lnn
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So the union probablity

Prrε^ ε̄2s ě Prrε1s ´ Prrε2s

ě
ln lnn

lnn` 2 ln lnn
´

1

lnn

ě Ωp
ln lnn

lnn
q

boost
ÝÝÝÑ 1´

1

n100

Theorem 5.12. With probability Ωp ln lnn
lnn

q, LP+randomized rounding returns a plnn `

2 ln lnnq-approximation solution.

The question is how to boost the probability. Indeed, if we independently

round N times,

PrrD1 trial succeedss ě 1´ r1´ Ωp
ln lnn

lnn
qsN

ě 1´ expp´Ωp
ln lnn

lnn
¨Nqq

ě 1´ expp´Ωpn ¨ lnnqq ě 1´ e´n

if we set N Ð plnnq ¨ n in the last step.

Apply the method to Max-coverage problem, Integer Problem is to max
n
ÿ

j“1

yj

such that

M
ÿ

i“1

xi ď k

yj ď
ÿ

jPSi

xi, @j P rns

yj ď 1, @j P rns

xi P t0, 1u, @i P rM s

So the LP relaxation is to relax xi P r0, 1s.

41



Repeat k times and select set i with probability
x˚
i

k
.

Ercovergess “
n
ÿ

j“1

Prrj covereds

“

n
ÿ

j“1

¨

˝1´

˜

1´
ÿ

jPSi

x˚
i

k

¸k
˛

‚

ě

n
ÿ

j“1

˜

1´ expp´
ÿ

jPSi

x˚
i q

¸

ě

n
ÿ

j“1

p1´ expp´y˚
i qq

ě α
n
ÿ

j“1

y˚
j “ α ¨ LP ě α ¨OPT

where α “ 1´ 1
e

The estimation is tight for this rounding if we consider the set U “ t0, 1uk and

Si,0 “ ta P U |ai “ 0u, Si,1 “ ta P U |ai “ 1u.

5.2.2 Integrality Gap

Instance I is a c vs. s-Integrality Gap (IG) instance if LPpIq ě c and OPTpIq ď

s. The gap ratio is
c

s
.

1. Large IGñ Inaccurate estimation of LP.

2. The estimation of rounding algorithm is usually

rounding ě ¨ ¨ ¨ ě α ¨ LP ě α ¨OPT

Since rounding ď OPT in maximization problem, if IG is large, α can be very

large and hence the approximation ratio is very bad.
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For instance, consider the set-cover problem that is to minimize
M
ÿ

i“1

xi s.t.

ÿ

jPSi

xi ě 1, @j P U, xi P rt0, 1u, @i P rM ss

relax the condition xi P r0, 1s and consider the set U “ t0, 1uqzt0u and Sα⃗ “ tl P

U : lTα “ 1 pmod 2qu for α P t0, 1uq with the size M “ 2q, n “ 2q ´ 1.

|Sα⃗| “

$

’

’

&

’

’

%

2q´1 α ‰ 0

0 α “ 0

Claim 5.2.2. LP=2

Proof. Take xα⃗ “
2
2q

. Then
ÿ

α⃗

Sα⃗ “ 2. And the LP constraint met where

@e⃗ P U,
ÿ

e⃗PSα⃗

2

2q
“ 2Prα⃗Pt0,1uq re⃗ P Sα⃗s “ 2ˆ

1

2
“ 1

Certainly LP ě 2, so LP “ 2.

But we also have a claim about OPT:

Claim 5.2.3. OPT ě q. So the instance is a 2 vs. q IG with ratio q
2
“ 1

2
log2pn` 1q “

lnpn`1q

2 ln 2
.

Proof. For any Sα⃗1 , ¨ ¨ ¨ , Sα⃗q´1 , suppose Sα⃗1 Y ¨ ¨ ¨ Y Sα⃗q´1 is a cover of U . Then

ô S̄α⃗1 X ¨ ¨ ¨ X S̄α⃗q´1 “ t⃗0u

ô te⃗ P t0, 1uq : eT α⃗i “ 0@i P rq ´ 1su “ t⃗0u

which is impossible!
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I is an α-Integrality Gap instance if

LPpIq ď
1

α
¨OPTpIq

Then we indeed prove that α can be
1

2
log2pn`1q ă lnpn`1q in Min-Set-Cover

problem.

Take U “ t1, 2, ¨ ¨ ¨ , nu. M are C ¨ k lnn sets, each of which si includes each

j P U independently with probability
1

k

Claim 5.2.4. When C ě 4
ε2

, the probability

PrrLP ď
k

1´ ε
s1´

1

n

Proof. Consider xi “
k

ă p1´ εq
.

Fix j P rns.

Prr
ÿ

jPSi

xi ě 1s “ Pr

«

M
ÿ

i“1

1rj P Sis ě
p1´ εqM

k

ff

ě 1´

„

e´ε

p1´ εq1´ε

ȷ
M
k

“ 1´ exp

ˆ

p´ε´ p1´ εq lnp1´ εqq ¨
M

k

˙

ě 1´ expp´
ε2

2
¨
M

k
q

ě 1´ expp´2 lnnq

Here we use the Chernoff bound with a high relation of central limit theorem.

Theorem 5.13 (Chernoff Bound). X1, X2, ¨ ¨ ¨ , Xn P r0, 1s a.s. and EXi “ pi. Let
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X “ X1 ` ¨ ¨ ¨ `Xn, EX “ µ. For any δ ą 0

$

’

’

&

’

’

%

PrrX ě p1` δqµs ď
”

eδ

p1`δq1`δ

ıµ

PrrX ď p1´ δqµs ď
”

e´δ

p1´δq1´δ

ıµ

Claim 5.2.5. For k ě 2
ε

and n “ npk, ε, Cq large enough, we have

PrrOPT ě p1´ εqk lnns ě 0.99

Proof. Let z “ p1´ εqk lnn.

OPT ą z ð @S P
`

rMs

z

˘

, S doesn’t cover U . We consider probability of the

latter case.

Now fix S P
`

rMs

z

˘

, PrrS cover U s is actually

PrrS cover U s “ Prr@j P U, DSi P S, j P Sis

“ PrrDSi P S, 1 P Sis
n

“

ˆ

1´ p1´
1

k
qz
˙n

ď expp´np1´
1

k
qzq

kě2
ď expp´n expp´p1´ εqp1`

1

k
q lnnqq

kě 2
ε

ď expp´n expp´p1´
ε

2
q lnnqq

“ expp´n ¨ n´p1´ ε
2

qq

“ expp´n
ε
2 q
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So

PrrDS P
ˆ

rM s

z

˙

,S cover U s ď
ˆ

M

z

˙

¨ expp´n
ε
2 q

ď

ˆ

C ¨ e

1´ ε

˙p1´εqk lnn

¨ expp´n
ε
2 q

ă expp´n
ε
4 q

ă 0.01

as n large enough. Here we end the proof

So using Randomized construction, α can approach p1´ εq lnn for any ε.

5.3 Hardness of Approximation

5.3.1 P,NP classes

For L P t0, 1u˚ is the 0´1 encoding, a problem is the set of some 0´1 encoding

and a decision problem is to decide whether L belongs to it.

For instance, Lk is the set of all (0´ 1 encoding) of set cover instances where U

can be covered by k sets. We define

P “ tL : L can be poly-time decided by a (deterministic) Turing machineu

NP “ tL : L can be poly-time decided by a non-deterministic Turing machineu

NP problems are all problems that can be "verified" in poly-time. Explicitly,

for input instance x P t0, 1u˚, the prover is based on x, providing a "proof"

y P t0, 1u˚ that |y| ď polyp|x|q, however, the verifier is a poly-time algorithm that

accepts x, y and outputs YES/NO.

In other words, L P NPô D a prover-verifier system such that
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• Completeness: @x P L, D proof y s.t. verifier returns YES in poly-time.

• Soundness: @x R L, @ proof y, verifier returns NO in poly-time.

The equivalence is because we actually can "guess" the proof y in a non-

deterministic TM.

If P=NP, then if we can verify proof in poly-time, we can also construct it in

poly-time. There isn’t innovation anymore!

NP-complete: L is NPC if

1) L P NP

2) @ L1 P NP, L1 ďp L i.e. L1 can be reduced to L in poly-time.

Equivalently, if some NPC problems can be solved in poly-time, then P=NP.

If only 2) in the definition of NPC holds, then it is a NP-hard problem.

We define the polynomial reduction M ďp L if

D poly-time algorithm A such that @x P t0, 1u˚,

• (completeness) x PM returns YESñ Apxq P L returns YES.

• (soundness) x PM returns NOñ Apxq P L returns NO.

Observed that if M is NP-Complete and M ďp L, then L is NP-Hard.

Theorem 5.14 (Cock-Levin). 3-SAT is NP-Complete.

Proof. @L P NP , need to show L ďp 3-SAT.

Let A be the poly-time verifier (DTM) for L.

Now we consider the original DFA, which needs start, process and after, de-

noted as ps, p, αq

For time t, the tape can be

t
ptq
´M , ¨ ¨ ¨ , t

ptq
M , αptq, Sptq, pptq
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where the transition function is

t
pτq

i “ gipt
pτ´1q

i , αpτ´1q, spτ´1q, ppτ´1qq

spτq “ hpα
pτ´1q, spτ´1q, ppτ´1qq

ppτq “ ¨ ¨ ¨

αpτq “ ¨ ¨ ¨

which is a compose of bool function. So any DFA process can be converted to

a 3-SAT instance.

Theorem 5.15 (Max-Coverage). Deciding whether Max-Coverage=100% is NP-

Complete.

Proof. We divide it into two parts:

1. Max-coverage=1 is NP.

2. 3-SAT ďp Max-coverage=1.

Consider any 3-SAT instance I . We have variables x1, ¨ ¨ ¨ , xn and clauses

c1, ¨ ¨ ¨ , cm.

Denote U “ tx1, ¨ ¨ ¨ , xn, c1, ¨ ¨ ¨ , cmu and sets S1, S2, ¨ ¨ ¨ , Sn, Sn`1, ¨ ¨ ¨ , S2n. For

i “ 1, 2, ¨ ¨ ¨ , n,

Si “ txiu Y tcj : cj contains xiu

Sn`i “ txiu Y tcj : cjcontainsx̄iu

Let k “ n.

Completeness: If I satisfiable, then Dσ : txiu Ñ t0, 1u, choose
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$

’

’

&

’

’

%

Si if σpxiq “ 1

Sn`i if σpxiq “ 0

Soundness: If J is YES, for I , let σpxiq “

$

’

’

&

’

’

%

1 if Si chosen

0 if Si`n chosen
.

Now we want to consider the approximation problem.

1 vs. 1 Max-Coverage is NP-H but what if decide the gap-version s vs. c.

Observation If we could prove c vs. s M-C is NP-H for c ą s. Then s
c

approxi-

mation M-C problem is NP-H.

Theorem 5.16 (PCP theorem). Dε s.t. Max´ 3´ SAT1,1´ε is NP-Hard.

We give an introduction for PCPs.

Definition 5.17 (Probability Checkable Proofs). Verifier: input instance x and

proof y.

Reads x, compute a (joint) distribution D over the locations in y, and a Boolean

function.

Sample i, j, k, f „ D.

output YES iff fpyi, yj, ykq “ 1.

• (completeness) If x is YES, then D y s.t. PrrVerifier acceptss ě c.

• (soundness) If x is NO, then @y, 4 PrrVerifier acceptss ď s.

Then PCP theorem is equivalent to

Theorem 5.18 (PCP theorem). Dε ą 0 s.t. every NP problem has a PCP system with

c “ 1, s “ 1´ ε.
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Definition 5.19. PCPc,srr, qs denotes set of languarges that admits a PCP system

with c, s, r, q parameters. Explicitly,

• Prover reads input, outputs poly-length proof with unbounded computa-

tional prover.

• Verifier in poly-time reads input and r random bits, (deterministically by

input and random bits) computes q locations in the proof, reads the q bits in

the proof and decides YES/NO.

• The systems satisfies completeness and soundness:

– (Completeness) Input is YES instanceñD proverPrrVerifier acceptss ě

c.

– (Soundness) Input is NO instanceñ @ proverPrrVerifier acceptss ď s.

Observation 5.20.

• PCP1, 1
2
r0, 0s “ P .

• PCP1, 1
2
r0, polypnqs “ NP .

• PCP1, 1
2
rOplogpnqq, Op1qs ď NP

For the final observation, we actually can construct a Verifier to enumerate all

possible random bits in t0, 1ur to return YES if there is some possibility larger than

c.

Indeed, PCP theorem is actually,

Theorem 5.21 (PCP theorem).

PCP1,εrOplog nq, Op1qs “ PCP1, 1
2
rOplog nq, Op1qs “ NP
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Proposition 5.22. PCP theoremô Ds ă 1,Gap´ 3MAXSAT1,s is NP-Hard.

Proof. "ñ ": Our goal is to prove 3SAT ďp Gap´ 3MAXSAT1,s, i.e. given a 3-SAT

instance ϕ, we can construct an instance Φ in poly-time such that OPTpϕq “ 1ñ

OPTpΦq “ 1.

3SAT “ GAP´ 3MAXSAT1, 1
m

is NP-hard. By PCP theorem, D a prover-verifier

system for 3-SAT that with c “ 1, s “ 1
2
, r “ Oplog nq, q “ Op1q

Prover provides proof x⃗ P t0, 1uN .

Given ϕ, @τ⃗ P t0, 1ur, verifier computes

l1, ¨ ¨ ¨ , lq P t1, 2, ¨ ¨ ¨ , Nu

f : t0, 1uq Ñ t0, 1u

find 3´CNF g over q` q ¨ 2q variables tzτ⃗u and q ¨ 2q clauses cτ⃗ such that fpy⃗q “ 1

iff Dz⃗ P t0, 1uq¨2q , gpy⃗, z⃗q “ 1.

Construct Φ with variables tx1, x2, ¨ ¨ ¨ , xNu Y
Ť

τ zτ and clauses
Ź

τ cτ .

Completeness: If Dx⃗ such that Prτ⃗ rVerifier acceptss “ 1. Then @τ⃗ , Dzτ⃗ such that

cτ⃗ “ 1.

Soundness: @x⃗,Prτ⃗ rVerifier acceptss ď 1
2
. Consider a solution σ to Φ. Let

T “ tτ⃗ : Verifier rejects σpXq under τ⃗u. Then T ě 1
2
¨ 2r.

@τ⃗ , σ doesn’t satisfy all clauses in Cτ⃗ so the number of unsatisfied clauses

ě |T | “ 1
2
¨ 2r.

valpσ : Φq ď 1´
|T |

2r ¨ q ¨ 2q
“ 1´

1
2
¨ 2r

2r ¨ q ¨ 2q
“ 1´

1

2q ¨ 2q

"ð ": @ NP language L ďp GAP´ 3SAT1,s. Then

L P PCP1,srOplog nq, 3s ď PCP1, 1
2
rOplogpnq, Op1qqs
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Theorem 5.23. @ε ą 0, GAP´ 3SAT1, 7
8

`ε is NP-Hard.

Corollary 5.24. @ε ą 0, p7
8
` εq-approximation Max3SAT is NP-Hard.

The corollary is equivalent to @ε ą 0,Gap3SAT1´ε, 7
8

`ε is NP-Hard.

Remark 5.25. It implies that it is hard to find an algorithm better than random

algorithm. It also shows that perfect completeness is sometimes very hard.

5.4 Label-Cover Games

To prove the theorem, we need to consider a constraint Graph G “ pU, V,Eq,

which is a bipartite graph.

Prover is a function σ : U Ñ rKs, V Ñ rLs.

Constraints: For each e “ pu, vq P E, πe : rLs Ñ rKs.

Verifier: Uniformaly sample e “ pu, vq P E, accepts only if πepσpvqq “ σpuq.

The system is also called "2-Prover-1Verifier Game" or "Projection Game".

More generally, πe Ă rKs ˆ rLs.

Claim 5.4.1. PCP Theorem implies that Dδ ą 0, Gap´ LC
pK,Lq“p2,7q

1,1´δ is NP-Hard.

Proof. Reduce from Gap´ 3SAT1,1´ε.

Var

Var

Var

Var

Clause

Clause
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Variables xi have σpxiq P t0, 1u and Clauses ci “ x1
ji
^ x2

ji
^ x3

ji
have σpciq P r7s

to represent the state of ci.

5.4.1 Paralled Repetition

Given H “ pGpU, V,Eq, K, L, tπeuq.

Hbt “
`

Gbt, Kt, Lt, tπe1,e2,¨¨¨ ,etu
˘

where

Gbt “ tpu1, u2, ¨ ¨ ¨ , utq, pv1, v2, ¨ ¨ ¨ , vT qu

πpu1,v1q,¨¨¨ ,put,vtq “
␣

ppα1, ¨ ¨ ¨ , αtq, pβ1, ¨ ¨ ¨ , βtqq : pαi, βiq P πpui,viq

(

It is easy to check that if H is a projection game, Hbt is also a projection game.

We wonder whether the following theorem holds

Theorem 5.26 (not quite true).

OPTpHbtq ď OPTpHqt

There is a counter-example for U “ tu1, u2u, V “ tv1, v2u, K “ L “ 4 and G is

fully connected. rKs, rLs Ø tu, vu ˆ t1, 2u

πpui,vjq “ tppu, iq, pu, iqq, ppv, jq, pv, jqqu

Clearly, OPTpHq “ 1
2
.

However, OPTpHb2q “ 1
2
.

Let σppui1 , ui2qq “ pppu, i1q, pv, i1qqq, σppvj2 , vj2qq “ ppu, j1q, pv, j2qq.

So verifier accepts if i1 “ j2.

However, the following theorem holds:
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Theorem 5.27. Suppose H has alphabet size less than k and OPTpHq ď 1´ δ. Then

OPTpHbtq ď expp´Ωp
δ3t

logK
qq

Corollary 5.28. @δ ą 0, D K,L such that GAP´ LCpK,Lq1,δ is NP-Hard.

In fact, the above hardness still holds even when the constraints graph is reg-

ular and (and |U | “ |V |)

Recall max-coverage problem is: U “ t1, 2, ¨ ¨ ¨ , nu, S1, S2, ¨ ¨ ¨ , Sm Ă U, k ď m.

Our goal is to select k sets to maximize
1

|U |
|unon of selected sets|.

We have proved that p1´ 1
e
q-approximation is NP-hard.

Theorem 5.29. @ε ą 0, Gap´MC1, 3
4

`ε is NP-Hard.

Proof. Suffices to reduce LC case to MC case.

Let W “
Ť

pu,vqPE Tuv ˆ tpu, vqu, |W | “ 2k ¨ |E|, where Tuv “ t0, 1u
k.

Denotes

Tuv,α,0 “ tx⃗ : xα “ 0u

Tuv,πuvpβq,1 “ tx⃗ : xπuvpβq “ 1u

Let

Su,α “
ď

pu,vqPE

Tuv,α,0 ˆ tpu, vqu, @u P U, α P rKs

Sv,β “
ď

pu,vqPE

Tuv,πuvpβq,1 ˆ tpu, vqu, @v P V, β P rLs

Take k “ |U | ` |V |.

Completeness: Dσ satisfies all constraints in LC. Then select tSu,σpuq, Sv,σpvqu to

achieve 100% coverage.

Soundness: If OPTpLCq ă δ,ñ OPTpMCq ă 3
4
` ε.
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Otherwise, if D set selection achieving 3
4
` ε coverage, then one can "decode" a

σ such that Valpσ; LCq ě δ.

Let

Suggpuq “ tα, Su,α selectedu, Suggpvq “ tβ : Sv,β selectedu

Claim 5.4.2.

Epu,vq„E r|Suggpuq| ` |Suggpvq|s “ 2

Proof of Claim.

Epu,vq„E r|Suggpuq| ` |Suggpvq|s “
ÿ

pu,vqPE

1

|E|
p|Suggpuq| ` |Suggpvq|q

“ E
u„U

|Suggpuq| ` E
v„V

|Suggpvq|

“
1

|U |

˜

ÿ

u

|Suggpuq| `
ÿ

v

|Suggpvq|

¸

“ 2

Here we use Corollary 5.28 with the stronger version that the graph is regular.

Decoding Scheme: @u P U , choose σpuq uniformly from Suggpuq, @v P V ,

choose σpvq uniformly from Suggpvq.

Definition 5.30. Edge pu, vq P E is consistently suggested if Dα P Suggpuq, β P

suggpvq such that πuvpβq “ α.

Fact 5.31. If pu, vq is consistently suggested, then

Prσrpu, vq satisfieds ě
1

|Suggpuq| ¨ |Suggpvq|

55



Now consider

E1 “ tpu, vq P E|pu, vq consisntently suggestedu

E0 “ EzE1, γ “
|E1|

|E|

Lemma 5.32. If pu, vq P E0, then

coverage of Tuv ď 1´ 2´p|Suggpuq|`|Suggpvq|q

Proof. Note that if |Suggpuq| “ |Suggpvq| “ 1, then coverage of Tuv ď
3
4
,

non-coverage of Tu,v

“ Prx⃗„t0,1uk

“

@α P Suggpuq : xα “ 1_ @β P Suggpvq : xπpβq “ 0
‰

“ Prx⃗„t0,1uk r@α P Suggpuq : xα “ 1s ¨ Prx⃗„t0,1uk

“

@β P Suggpvq : xπpβq “ 0
‰

“ 2´|Suggpuq| ¨ 2´|πpSuggpvqq|

ě 2´p|Suggpuq|`|Suggpvq|q

Definition 5.33. Edge pu, vq is τ -good if mint|Suggpuq|, |Suggpvq|u ď τ . Then if

pu, vq P E1 and τ -good, then Prσrpu, vq satisfied by σs ě 1
τ2

Let

E
pu,vq„E1

r|Suggpuq| ` |Suggpvq|s “ τ

Then at least 1
2

edges in E1 are p2τq-good.
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Then

Eσ rValpσ;LCqs ě γ ¨
1

2
¨

1

p2τq2

For the original Max-coverage problem, it subjects to

3

4
` ε ď γ ¨ 1` p1´ γq

„

1´ E
pu,vq„E0

2´|Suggpu,vq|

ȷ

ď γ ` p1´ γq
“

1´ 2´Epu,vq„E0
|Suggpu,vq|

‰

“ γ ` p1´ γq
”

1´ 2´
2´γτ
1´γ

ı

Suffices to prove a claim that

Claim 5.4.3. If γ ` p1´ γq
”

1´ 2´
2´γτ
1´γ

ı

ě 3
4
` ε, then

γ ě
4

1` ln 4
ε ą ε

and

τ ď
2

ε

So

γ ¨
1

8τ 2
ě ε ¨

ε2

32
“

ε3

32
ą δ

Here we prove that

Gap´MC1, 3
4

`ε

δ“ε3{32
ÐÝÝÝÝ Gap´ LCpK,Lq1,δ
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5.5 Multicut

Example 5.34 (Multicut). Input: undirected graph G “ pV,Eq, weights ω : E Ñ

Rě0 and terminal pairs tpsi, tiquki“1.

Our goal is to find E 1 Ă E to minimize ωpE 1q “
ř

ePE1 ωpeq such that si, ti

disconnected in pV,E ´ E 1q, @i P rks.

Clearly, k “ 1 is the min-cut problem.

Theorem 5.35. k “ 2 can be solved in polynomial time.

Fact 5.36. k ě 3, then k-approximation problem is easy. Actually, we can consider the

union of all min psi, tiq-cut.

Example 5.37 (Vertex Cover). Input G “ pV,Eq.

Our goal is to select V 1 Ă V to minimize |V 1| such that @e P E, e has ě 1

endpoints in V .

Those two problems are equivalent. Acutally, OPTpIq “ OPTpJq for two cor-

responding instances.

Theorem 5.38. 1.414-approximation for VC is NPH. Assuming UG-Conjecture, p2´εq-

approximation is hard.

As a result, 1.414-approximation for multicut is NPH. Assuming UGC, no poly-time

constant approximation for multi-cut.

The goal in this lecture is to give a Oplog nq-approximation approximation.

5.5.1 Multicut on Trees

Consider LP relaxation:

min
ÿ

ePE

ωpeq ¨ χe
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s.t.
ÿ

ePP psi,tiq

χe ě 1

χe ě 0, @e P E

where P psi, tiq is the unique path on tree.

Rounding Let dpvq “
ÿ

ePP pr,vq

χe, @v P V .

Sample θ P r0, 1
2
q uniformly.

Say θ cuts e “ pu, vq if rdpuq, dpvqq X tθ, θ ` 1
2
, θ ` 1, θ ` 3

2
, ¨ ¨ ¨ u ‰ H.

Let E 1 “ te P E cut by θu.

Feasiblity: Consider any psi, tiq. Let ui be the least common ancestor of si, ti.

Then

dpsiq ´ dpuiq ` dptiq ´ dpuiq ě 1

Assume WLOG dpsiq ´ dpuiq ě
1
2
. Then P psi, uiq X E 1 ‰ H.

Quality: Consider e “ pu, vq,

Prre cut by θs “

$

’

’

&

’

’

%

1 χe ě
1
2

2χe χe ă
1
2

E
θ
ωpE 1q “

ÿ

e

Prre cut by θs ¨ ωpeq ď
ÿ

e

2χeωpeq “ 2LP

5.5.2 Multicut on General Graphs

LP relaxation:

min
ÿ

ePE

ωpeq ¨ χe

s.t.
ÿ

ePP psi,tiq

χe ě 1, @P connect si, ti
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χe ě 0, @e P E

Theorem 5.39. LP poly-time solvable if D poly-time "separation oracle"

Definition 5.40. Given tχeu, if tχeu is feasible, then oracle returns "YES". Other-

wise, oracle returns "NO" and any one of the violated constraint.

Theorem 5.41 (Low-Diameter Decomposition, LDD). Given G “ pV,E, ωq, metric

space pV, dq, D ą 0. D partition of V “ S1 Y S2 Y ¨ ¨ ¨ Y St such that

• Low Diameter: @i P rts, diameter of si ď D.

• Low cutting cost:

ÿ

ePE cut by the partition

ωpeq ď
Oplog nq

D

ÿ

e“pu,vqPE

ωpeq ¨ dpu, vq

If the theorem holds, we can let dpu, vq be the shortest path distance w.r.t.

tχeu, D “ 0.99, E 1 be the set of edges cut by the partition. Here we construct

an Oplog nq-approximation algorithm.

Then

ωpE 1q ď
Oplog nq

D

ÿ

e“pu,vqPE

ωpeqχe “
Oplog nq

D
LP

Proof of Theorem 5.41. Construct partition tSvuvPV . Let r “ D
2

be the radius.

Algorithm

1. Sample X „ Unifr r
2
, rs.

2. Uniformly randomly order vertices in V .

3. For each vertex v in the order: assign all unassigned u : dpv, uq ď x to Sv.
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Claim 5.5.1. For each pu, vq P E, we have

Prrpu, vq cut by partitions ď
Oplog nq

r
¨ dpu, vq

Proof. For e “ pu, vq, denote dpz, eq “ mintdpu, zq, dpv, zqu, z P V .

Order vertices in V such that dpz1, eq ď dpz2, eq ď ¨ ¨ ¨ ď dpzn, eq.

First time one of u.v is assigned to some Szi , say zi settles e “ pu, vq. Further-

more, if exactly one of u, v assigned to Szi , say zi cuts e.

Prre cut by partitions “
n
ÿ

i“1

Prre cut by zis

Define ai “ dpzi, eq, bi “ maxtdpu, ziq, dpv, ziqu. Then

Prre cut by zis ď PrrX P rai, biq and zi comes before z1, ¨ ¨ ¨ , zi´1 in the orders

“ PrrX P rai, biqs ¨ Prrzi comes before z1, ¨ ¨ ¨ , zi´1 in the orders

ď
bi ´ ai
r{2

¨
1

i

Therefore,

Prrpu, vq cut by partitions ď
n
ÿ

i“1

bi ´ ai
r{2

¨
1

i
ď

dpu, vq

r{2
Oplog nq

5.5.3 Max-cut

Example 5.42 (Max-cut). Input: undirected graph G “ pV,Eq, edge weight ω :

E Ñ Rě0.
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Our goal is to partition V into pA,Bq to maximize
ÿ

pi,jqPE

ωpi, jq1rpi, jq cut by pA,Bqs

IP maximize
ÿ

pi,jqPE

ωpi, jqyij .

Subject to

xi P t0, 1u, @i P V

yij ď xi ` xj

yij ď 2´ xi ´ xj

We can relax to xi P r0, 1s to get an LP relaxation. However, LP=1 if xi ”

1
2
, yij ” 1.

Strengthened LP Add yij ` yjk ` yki ď 2.

Sherali-Adams It is a way to construct LP relaxation, which try to describe the

joint distribution of k variables.

For variables xI,σ, I Ă rns, |I| ď k, σ : I Ñ t0, 1u.

Then in this problem, objective is

ÿ

pi,jqPE

Prrpi, jq is cuts
ÿ

pi,jqPE

xti,ju,p0,1q ` xti,ju,p1,0q

where xI,σ ě 0,
ÿ

σ

xI,σ “ 1.

Consistency:

ÿ

σ1:JzIÑt0,1u

xJ,σYσ1 “ xI,σ, @I Ă J, σ : I Ñ t0, 1u

Theorem 5.43. On dense graph (e.g. uniformly weighted, |E| ě 1
100
|V |2)
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SAp1
ε
q + rounding achieves p1´ εq-approximation.

Theorem 5.44. @ε ą 0, D p1
2
` εq-Integrality Gap instance for even SApn{100q.

So SA process is not good for max-cut.

IP’ max
ÿ

pi,jqPE

ωij
1´ xixj

2
subject to xi P t˘1u, @i P V

Relaxation xi ; v⃗i P Rn.

Semi-definite Programming relaxation

max
ÿ

pi,jqPE

ωij
1´ ⟨v⃗i, v⃗j⟩

2

subject to }v⃗i}2 “ 1, @i P V .

Fact 5.45. SDP ě OPT.

Definition 5.46 (SDP Statndard Form). X P Rnˆn. Maximize ⟨C,X⟩ “ TrpCTXq,

X P Rnˆn, subject to ⟨Ai, X⟩ “ bi, @i P t1, 2, ¨ ¨ ¨ ,mu and X ě 0 positive semi-

definite.

Max-Cut SDP in matrix form Maximize
⟨
1
2
pD ´ Aq, X

⟩
where D is degree

matrix with Dii “
ř

j aij and A adjacency matrix aij “ ωpi, jq{2, subject to⟨
eie

T
i , X

⟩
“ 1, @i P V .

Separation Oracle Use it to find solution and check it whether it is positive

semi-definite by finding its min eigenvalue.
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Goemams-Williamson Rounding [1995] Also called "hyperplane rounding".

1. Uniformly sample r⃗ „ Sn´1

2. xi “ sgn p⟨r⃗, v⃗i⟩q

Analysis

Ercut values “
ÿ

pi,jqPE

ωpi, jq ¨ Prrpi, jq cuts

“
ÿ

pi,jqPE

ωij ¨
arccos ⟨vi, vj⟩

π

ě αGW

ÿ

pi,jqPE

ωij ¨
1´ ⟨vi, vj⟩

2

where

αGW “ inf
ρPr´1,1s

1
π
arccos ρ

1
2
p1´ ρq

« 0.87856

Integrality Gap 5-Cycle:

Then OPT “ 4{5,

SDP ě
1´ cos 144˝

2
« 0.9045

Gap ratio ď 0.8
0.9045

« 0.885.

Embedded graph G “ pV,E, ωq, consider V Ă Sd´1 “ t}x}2 “ 1u.

ObjpGq “
ÿ

px⃗,y⃗qPE

ωpx⃗, y⃗q
1´ ⟨x⃗, y⃗⟩

2
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Fact 5.47. @ embedded graph G, SDPpGq ě ObjpGq.

Gap Instance Gd “ pV,Eq, V “ Sd´1, E “ V ˆ V .

Let ωpx⃗, y⃗q be the probability density of

x⃗ „ Sd´1, y „ Sd´1| ⟨x⃗, y⃗⟩ ď ρ˚

Clearly, for this infinite graph, SDPpGq ě ObjpGq ě 1´ρ˚

2
.

For A Ă Sd´1,

µlpAq “ Prx⃗,y⃗„Sd´1 rx⃗ P A‘ y⃗ P A |⟨x⃗, y⃗⟩ ď ρs

Theorem 5.48. For @a P r0, 1s, ρ P r´1, 1s, maxA: measure of A “ a tµρpAqu is achieved

when A is a cap of Sd.

Corollary 5.49. maxtµρ˚pAqu is achieved when measure of A “ 1
2
.

Claim 5.5.2.

OPTpGdq ď
arccos ρ˚

π
`Op

1
?
d
q

Leave as a homework.

Assume Unique Game Conjecture, αGW is the best Integrality Gap.

Algorithmic Gap
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Example 5.50 (Instance). Hd “ pV,E, ωq, V “ t˘
1
?
d
ud. ω „ distribution, x⃗ „ V ,

yi “

$

’

’

&

’

’

%

xi with prob 1`ρ˚

2

´xi with prob 1´ρ˚

2

(5.1)

denoted as y⃗ „ρ˚ x⃗.

Then E xi “ E yi “ 0, E xiyi “
´

1`ρ˚

2

¯

¨ 1`
´

1´ρ˚

2

¯

p´1q “ ρ˚.

Fact 5.51.

ObjpHdq “ E
px⃗,y⃗q„ω

„

1´ ⟨x⃗, y⃗⟩
2

ȷ

“
1

2
´

1

2
ρ˚

SDP ě
1

2
´

1

2
ρ˚

Claim 5.5.3.

SDP ď
1

2
´

1

2
ρ˚

By the claim,

Erroundings “ E
px⃗,y⃗q„ω

arccos ⟨x⃗, y⃗⟩
π

ď
arccos ρ˚

π
`Op

1
?
d
q

OPT “
1

2
´

1

2
ρ˚

Fourier Analysis of Boolean Function Boolean function: f : t˘1un Ñ R.

Inner product ⟨f, g⟩ “ Ex⃗„t˘1unrfpxq ¨ gpxqs

Fourier basis

@s Ă rns, χspxq “
ź

iPs

xi

⟨χs, χs⟩ “ Ex⃗ χ
2
spxq “ 1.

@s ‰ t, ⟨χs, χt⟩ “ E⃗
x
χspx⃗q ¨ χtpx⃗q “ E⃗

x
χs∆tpx⃗q “

ź

iPs∆t

Erxis “ 0.

So tχsu forms an orthonormal basis.
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Proposition 5.52 (Fourier expansion). @f : t˘1un Ñ R,

f “
ÿ

sĂrns

pfpsq ¨ χs

where pfpsq “ ⟨f, χs⟩.

Theorem 5.53 (Parseval’s). @f : t˘1un Ñ t˘1u,

ÿ

sĂrns

pfpsq2 “ ⟨f, f⟩ “ 1

Noise Stability f : t˘1un Ñ t˘1u.

NSρpfq “ Prx⃗,y⃗„ρx⃗rfpx⃗q “ fpy⃗qs

Recall the notation of „ρ in (5.1).

NSρpfq “ Prx⃗,y⃗„ρx⃗rfpx⃗q “ fpy⃗qs

“ E
x⃗,y⃗„ρx⃗

1` fpx⃗qfpy⃗q

2

“
1

2
`

1

2
E

x⃗,y⃗„ρx⃗
fpx⃗q ¨ fpy⃗q

E
x⃗,y⃗„ρx⃗

˜

ÿ

s

pfpsqχspxq

¸˜

ÿ

t

pfptqχtpy⃗q

¸

“
ÿ

s,t

pfpsq pfptq E
x⃗,y⃗„ρx⃗

χspx⃗qχtpy⃗q

“
ÿ

s,t

pfpsq pfptq E⃗
x
χspx⃗qχtpx⃗q ¨ E⃗

u
χtpµ⃗q where y⃗ “ x⃗ ¨ µ⃗

“
ÿ

s,t

pfpsq2 ¨ ρ|s|
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So

NSρpfq “
1

2
`

1

2

ÿ

s

pfpsq2 ¨ ρ|s|

Claim 5.5.4. When ρ P r´1, 0s,

Sρpfq “
ÿ

s

pfpsq2 ¨ ρ|s|

“ ρ ¨
ÿ

s

pfpsq2

“ ρ ¨ E⃗
x
rfpxq2s

Proof of Claim 5.5.3. Consider any SDP solution

f⃗ : V Ñ Rm´1

valpf⃗q “ E
x⃗,y⃗„ω

1´
⟨
f⃗px⃗q, f⃗py⃗q

⟩
2

“ E
x⃗,y⃗„ω

«

1

2
´

1

2

m
ÿ

i“1

fipx⃗qfipy⃗q

ff

“
1

2
´

1

2

m
ÿ

i“1

E
x⃗,y⃗„ω

rfipx⃗qfipy⃗qs

“
1

2
´

1

2

m
ÿ

i“1

Sρ˚pfiq

ď
1

2
´

ρ˚

2

m
ÿ

i“1

E
x⃗„V
rfipx⃗q

2s

“
1

2
´

ρ˚

2
E

x⃗„V

m
ÿ

i“1

rfipx⃗q
2s

“
1

2
´

1

2
ρ˚
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5.6 3-Coloring

Example 5.54 (3-Coloring). Input: G “ pV,Eq, color v P V with 3 colors so that

there are no monochromatic edges.

Example 5.55 (Min-3-Coloring). For 3-colorable graph, find a coloring with min

number of colors.

Lemma 5.56. Let δ be the degree of G, then coloring G with pδ ` 1q colors is easy.

Claim 5.6.1. Coloring G with n colors is easy.

Widgerson’s 3 vs. Op
?
nq coloring algorithm

Case 1 Dv P V , degpvq ą θ. Then its neighbors GpNpvqq are 2-colorable.

So color tvu YNpvqwith 3 new colors.

Case 2 δ ď θ: color G with pθ ` 1q colors.

Then total number of colors used

3 ¨
n

θ ` 1
` θ ` 1

θ“
?
n

“ Op
?
nq

Lemma 5.57. Let G be 3-colorable with degree δ, then can efficiently color G with δ
1
3 ¨

polyplog nq colors.

If the lemma is true, use the method in case 1, then the cost will be

Op
n

θ
q `Opθ

1
3 q

θ“n3{4

“ Opb1{4q

3-coloring SDP ⟨vi, vj⟩ “ ´1
2
, @pi, jq P E, }vi}2 “ 1, @i P V .
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Extract a large independent set One can efficiently find S Ă V such that S is an

IS and

Prr|S| ě
n

δ1{3
¨ polyplog nqs ě

1

2

Alg

1. Sample r⃗ “ pr1, ¨ ¨ ¨ , rnq „ Np0, 1qm.

2. Let S “ ti P V : ⟨vi, r⟩ ě t^ ⟨vj, r⟩ ă t, @pi, jq P Eu.

Let

αptq “ Prr⃗r⟨vi, r⃗⟩ ě ts

βptq “ Prr⃗r⟨r⃗, v⃗j⟩ ě t |⟨r⃗, v⃗i⟩ ě ts

where pi, jq P E.

E|S| “
ÿ

iPV

αptq ¨ Prr⟨r⃗, v⃗j⟩ ă t, @pi, jq P E |⟨r⃗, v⃗i⟩ ě ts ě
ÿ

iPV

αptqp1´ δ ¨ βptqq

where

αptq “ Prrr1 ě ts “ Phiptq

βptq “ Prr´
1

2
r1 `

?
3

2
r2 ě t|r1 ě ts ď Prr

?
3

2
r2 ě

3

2
ts “ Φp

?
3tq

Claim 5.6.2. For t ě 1, Φptq “ Θp1
t
¨ e´t2{2q.

Therefore,

αptq ě
c

t
e´t2{2

βptq ď
c1

t
e´3t2{2 ď t2Opαptq3q

E |S| “ n ¨
c

t
e´t2{2p1´ δt2 ¨Opαptq3q

70



5.7 Sparsest Cut

Example 5.58 (Sparsest Cut). Input: undirected G “ pV,E, cq, c : E Ñ Rě0.

Undirected demand GD “ pV,E,Dq, D : F Ñ Rě0.

Goal: minimize sparsity ΦpSq “
cpS, S̄q

DpS, S̄q
, S Ă V .

Uniform Sparsest cut GD complete graph, D ” 1.

ΦUpSq “
cpS, S̄q

|S| ¨ |S̄|

Graphic expansion Define ϕpSq “
cpS, S̄q

|S|
, when |S| ď n

2

we have
1

n
ϕpSq “

cpS, S̄q

|S| ¨ n
ď ΦUpSq ď

cpS, S̄q

|S| ¨ n
2

“
2

n
ϕpSq

ϕpSq “ min
|S|¨|S̄|ďn

2

tϕpSqu

So those problems are related.

5.7.1 Oplog nq-approximation for sparsest cut

Nowadays, SDP-based algorithm can achieve Op
?
log nq

cut metric Fix pS, S̄q. Let

rxij “ 1rpi, jq cut by pS, S̄qs

“ |1ri P Ss ´ 1rj P Ss|

trxiju is a metric.

Let xij “
rxij

DpS, S̄q
, then

1) trxiju is also a metric.
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2)
ÿ

pi,jqPF

Dpi, jqxij “ 1.

Therefore,
ÿ

pi,jqPE

cpi, jq ¨ xij “ ΦpSq

LP relaxation Minimize
ÿ

pi,jqPE

cpi, jqxij .

Subject to
ÿ

pi,jqPF

Dpi, jqxij “ 1.

where xij ě 0, xij ` xjk ě xik, @i, j, k P V .

Definition 5.59 (Metric Embedding). pV, dq embeds into lppp ě 1q with distortion

α ě 1. If Df⃗ : V Ñ RK such that

@i, j P V, }f⃗piq ´ f⃗pjq}p ď dpi, jq ď α}f⃗piq ´ f⃗pjq}p

Lemma 5.60. If we can embed pV, txi,juq into l1 with distortion α, then DpS, S̄q, s.t.

ΦpSq ď αLP

Proof. Assume f⃗ ě 0⃗ WLOG.

Let M “ max
i,kPrKs

tfkpiqu.

"Threshold cut": Sk,θ “ ti P V : fkpiq ě θu.

Consider k „ rKs, θ „ Uniform

Prrpi, jq cut s “
1

K

K
ÿ

k“1

Prrθ P rfkpiq, fkpjqss

“
1

k

K
ÿ

k“1

|fkpiq ´ fkpjq|
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ErcpSk,θq, S̄k,θs “
ÿ

pi,jPEq

cpi, jq ¨ Prrpi, jq cuts

“
1

KM

ÿ

pi,jqPE

K
ÿ

k“1

|fkpiq ´ fkpjq| ¨ cpi, jq

“
1

KM

ÿ

pi,jqPE

}f⃗piq ´ f⃗pjq}1 ¨ cpi, jq

ď
1

KM

ÿ

pi,jqPE

xijcpi, jq

ErDpSk,θ, S̄k,θqs “
1

KM

ÿ

pi,jqPF

}f⃗piq ´ f⃗pjq}1Dpi, jq

ě
1

α ¨KM

ÿ

pi,jqPF

xijDpi, jq

Then
ErcpSk,θ, S̄k,θqs

EpDpSk,θ, S̄k,θqq
ď α

ř

pi,jq xijcpi, jq
ř

pi,jq xijDpi, jq
“ αLP

Theorem 5.61 (Bourgain’ 1985). Any n-point metric embeds into l1 with distortion

α “ Oplog nq.

Theorem 5.62 (LLR 1995). Any n-point metric embeds into lp, p P r1,`8s with α “

Oplog nq and Oplog2 nq dimensions

Embed tree into l1 Any tree T “ pV,E, dq isometrically embeds into l1.

By induction, n “ 2, let fpv1q “ 0, fpv2q “ dpv1, v2q.

Induction step: If T “ T 1 Y tzu, f⃗ 1 embeds T 1 into l1 for all v in T 1, where

ω “ dpu, vq, pu, vq P E.
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f⃗pvq “ pf⃗ 1pvq, 0q, f⃗pzq “ pf⃗ 1puq, ωq

To prove this theorem, we want to reduce to the case of trees. For metric pV, dq,

our goal: D distribution of trees D such that

E
T„D

rdT pu, vqs ď dpu, vq ď α E
T„D

rdT pu, vqs

Theorem 5.63. For any pV, dq, D distribution D over trees, such that α “ Oplog nq, and

1)
1

α
ď E

T„D
rdT pu, vqs ď dpu, vq, @u, v P V .

2) dpu, vq ď dT pu, vq, @u, v, T P SupppDq

Theorem 5.64 (Low-Diameter Decomposition). For pV, dq, radius r, D random parti-

tion tSvuvPV such that

1) @v P V , u P Sv, dpu, vq ď r

2) For each pu, vq such that dpu, vq ď r{4,

Prrpu, vq cuts ď
dpu, vq

r
¨O

ˆ

log
|Bpu, 2rq|

|Bpu, r{4q|

˙

Proof. Generating the Partition

1) Sample X „ Unifrr{2, rs

2) Randomly order π vertices in V

3) For each v P V in the order π: let Sv “ tu : dpu, vq ď

X and u not yet assignedu.

Definition 5.65. dpz, pu, vqq “ minpdpz, uq, dpz, vqq
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Fix pu, vq, order vertices in V , pz1, ¨ ¨ ¨ , znq such that

dpz1, pu, vqq ď dpz2, pu, vqq ď ¨ ¨ ¨ ď dpzn, pu, vqq

zi settles pu, vq if zi is the first partition in π s.t. u P Szi or v P Szi .

zi cuts pu, vq if zi settles pu, vq and exactly one of u, v in Szi .

Prrpu, vq cuts “
n
ÿ

i“1

Prrzi cuts pu, vqs

Prrzi cuts pu, vqs ď Prrzi comes before z1, ¨ ¨ ¨ , zi´1 in π and X P rdpzi, pu, vqq,maxpdpzi, uq, dpzi, vqqss

“
1

i
PrrX P rai, biqs (5.2)

1. ai ď
r
4
: we have bi ď

r
4
` r

4
“ r

2
. So (5.2) =0

2. ai ą r. Then (5.2)=0

3. ai P pr{4, rs. Then (5.2) ď dpu,vq

r{2

So

Prrzi cuts pu, vqs ď
2dpu, vq

r
¨
1

i
¨ 1rai P p

r

4
, rss

Prrpu, vq cutss ď
2dpu, vq

r
¨

n
ÿ

i“1

1

i
1rai P p

r

4
, rss ď Op

dpu, vq

r
q ¨ ln

β

α

TreeEmbedpU, βqwhere 2β ě maxu,vPU dpu, vq.

1. IF |U | “ 1 THEN return the single node in U

2. INVOKE LDD with r “ 2β´2, obtained tSuuuPU .

3. FOR each nonemplty Su, invoke TreeEmbedpSu, β ´ 1q
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4. RETURN a tree that U connects to Tui
for each ui

Claim 5.7.1. @u, v P U , dpu, vq ď dT pu, vq

Expansion If G “ pV,Eq d-regular.

ϕpSq “ Pr
vPS,uPNpGq

ru R Ss “
|edgespS, S̄q|

d ¨ |S|

ϕpGq “ min
S:1ď|S|ďn

2

tϕpSqu

Cheager’s Inequality

1

2
λ2pLGq ď ϕpGq ď

a

2λ2pLGq

where Laplacian LG “ I ´ 1
d
A.

Spetral Graph ⃗x P Rv,

x⃗TLGx⃗ “
1

d

ÿ

pu,vqPE

pxu ´ xvq
2

Claim 5.7.2.

1. LG ě 0

2. λminpLGq “ 0

3. Consider G disconnected, then λ2pLGq “ 0.
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4.

λ2pLGq “ min
x⃗K1⃗

x⃗TLGx⃗

x⃗T x⃗

Proof of 1
λ2
ď ϕpGq .

Consider |S˚| ď n
2
, ϕpS˚q “ ϕpGq.

Our goal is to construct x⃗ : x⃗ K 1⃗ and
x⃗TLGx⃗

x⃗T x⃗
ď 2ϕpS˚q.

@i P V , let

xi “

$

’

’

&

’

’

%

α i P S˚

β i R S˚

where α ¨ |S˚| ` β ¨ pn´ |S˚|q “ 0.

So we let α “ ´
1

|S˚|
, β “

1

n´ |S˚|
.

x⃗T x⃗ “ |S˚| ¨
1

|S˚|2
` pn´ |S˚|q ¨

1

pn´ |S˚|q2
“

n

|S˚|pn´ |S˚|q

x⃗TLGx⃗ “
ÿ

pi,jqPE

pxi ´ xjq
2

“
ˇ

ˇedgepS˚, S̄˚q
ˇ

ˇ ¨

ˆ

1

|S˚|
`

1

n´ |S˚|

˙2

Then
x⃗TLGx⃗

x⃗T x⃗
“ |edgepS˚, S̄˚q| ¨

n

|S˚|pn´ |S˚|q
ď ϕpS˚q

Proof of ϕpGq ď
a

2λ2pLGq.

Let x⃗ K 1⃗ such that
x⃗TLGx⃗

x⃗T x⃗
“ λ2

Our goal is to construct S : |S| ď
n

2
such that ϕpSq ď

?
2λ2.

Consider x⃗` where px⃗`qi “ maxtxi, 0u.

Assume WLOG, |Supppx⃗`q| ď n{2.
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Claim 5.7.3.
px⃗`qTLGx⃗

`

px⃗T x⃗q
ď λ2

Proof. For each i P Supppx⃗`q.

`

LGx⃗
`
˘

i
“ px⃗`qi ´

1

d

ÿ

j„i

px⃗`qj

ď xi ´
1

d

ÿ

j„i

xj

“ pLGx⃗qj “ λ2xj “ λpx⃗`qj

px⃗`qTLGpx⃗
`q “

ÿ

iPSupppx⃗`q

px⃗`qipLGx⃗
`qi

ď
ÿ

iPSupppx⃗`q

px⃗`qiλ2px⃗
`qi

“ λ2px⃗
`qT px⃗`q

Let y⃗ “ x⃗`. Assume WLOG, maxi yi “ 1.

We already have
y⃗TLGy⃗

y⃗T y⃗
ď λ2 and Supppy⃗q ď

n

2

Let St “ ti : y
2
i ě tu.

Claim 5.7.4. Dt P p0, 1s : ϕpStq ď
?
2λ2
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Proof. Choose t uniformly from p0, 1q.

E |edgespSt, S̄tq| “
ÿ

pi,jqPE

Prri, j cut s

“
ÿ

pi,jqPE

|y2i ´ y2j | “
ÿ

pi,jqPE

pyi ` yjq ¨ |yi ´ yj|

ď

d

ÿ

pi,jqPE

pyi ` yjq2 ¨

d

ÿ

pi,jqPE

pyi ´ yjq2

ď
?
2d

ÿ

iPV

y2i ¨
a

d ¨ y⃗TLGy⃗

Erd|St|s “ d
ÿ

iPV

Prri P Sts “ d
ÿ

iPV

y2i

E |edgespSt, S̄tq|

Erd|St|s
ď

d

2y⃗TLGy⃗
ř

iPV y2i
ď
a

2λ2

5.8 Hardness of Approximating MAXE3LIN

Theorem 5.66. @δ ą 0, MAXE3LIN1´δ, 1
2

`δ is NP-Hard.

We will use "long code" to encode instances of Label-Cover problem.

fu : t˘1uK Ñ t˘1u, fupx⃗q “ xσpuq

Linear Test: A function f : t˘1un Ñ t˘1u is linear if fpx⃗q ¨fpy⃗q “ fpx⃗y⃗q, @x⃗, y⃗ P

t˘1un.

BLR Test: Uniformly Randomly sample x⃗, y⃗ „ t˘1un. Pass if fpx⃗qfpy⃗qfpx⃗y⃗q “

1.

Completeness is trivial.
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Soundness: If f is δ-far from all linear functions, then PrrPasss ď 1´ δ.

Proof.

Prrpasss “
1

2
`

1

2
E⃗
x,y⃗
rfpx⃗qfpy⃗qfpx⃗y⃗qs

“
1

2
`

1

2
E⃗
x,y⃗

«˜

ÿ

S

pfpSqχSpx⃗q

¸˜

ÿ

T

pfpT qχT pyq

¸˜

ÿ

U

pfpUqχUpxyq

¸ff

“
1

2
`

1

2

ÿ

S,T,U

pfpSq pfpT q pfpUq

ˆ

E⃗
x
χSpx⃗qχUpx⃗q

˙ˆ

E⃗
y
χT py⃗qχUpy⃗q

˙

“
1

2
`

1

2

ÿ

S

pfpSq3

So Prrpasss “ 1
2
` 1

2

ř

S
pfpSq3 ď

1

2
`

1

2

˜

ÿ

S

pfpSq2

¸

max pfpSq “
1

2
`

1

2
max

S

pfpSq.

Then in all 1´ δ ă 1
2
` 1

2
maxSt pfpSqu i.e. DS˚, pfpS˚q ą 1´ 2δ.

Prx⃗rfpx⃗q ‰ χS˚px⃗qs “
1

2
´

1

2
E⃗
x
rfpx⃗qχS˚px⃗qs “

1

2
´

1

2
pfpS˚q ă δ

Dictatorship Test Our dictator function is tfpx⃗q “ xiuiPt1,2,¨¨¨ ,nu

1. Choose x⃗, y⃗ „ t˘1um

2. Choose µ⃗ P t˘1un, µi “

$

’

’

&

’

’

%

1 w.p. 1´ ε

´1 w.p. ε
.

3. Accept if fpx⃗qfpy⃗qfpx⃗y⃗µ⃗q “ 1.

Completeness: If fpx⃗q “ xi, then Prrpasss “ 1´ ε.
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Soundness:

Prrpasss “
1

2
`

1

2
E

x⃗,y⃗,µ⃗
rfpx⃗qfpy⃗qfpx⃗y⃗µ⃗qs

“
1

2
`

1

2
E

x⃗,y⃗,µ⃗

˜

ÿ

S

pfpSqχSpx⃗q

¸˜

ÿ

T

pfpT qχT py⃗q

¸˜

ÿ

U

pfpUqχUpx⃗y⃗µ⃗q

¸

“
1

2
`

1

2

ÿ

S,T,U

pfpSq pfpT q pfpUq

ˆ

E⃗
x
χS∆Upx⃗q

˙ˆ

E⃗
y
χT∆Upy⃗q

˙ˆ

E⃗
µ
χUpµ⃗q

˙

“
1

2
`

1

2

ÿ

S

pfpSq3p1´ 2εq|S|

If Prrpasss ě 1
2
` δ, then

2δ ď
ÿ

S

pfpSq3p1´ 2εq|S| ď max
S
t pfpSqp1´ 2εq|S|u

ÿ

S

pfpSq2

Therefore, DS Ă rns s.t. pfpSqp1´ 2εq|S| ě 2δ. i.e.

$

’

’

&

’

’

%

pfpSq ě 2δ

|S| ď log 2δ
logp1´εq

“ Op1
ε
log 1

δ
q

So we prove that if Prrpasss ě 1
2
` δ, then can "list decode" f into Op 1

εδ2
log 1

δ
q

Now back to the problem. For a label-cover game pK,Lq, try to reduce to

MaxE3LIN problem.

Proof: fu : t˘1uK Ñ t˘1u, fv : t˘1uL Ñ t˘1u.

Verifier:

1. Randomly pick e “ pu, vq P E

2. Sample x⃗ „ t˘1uK , y⃗ „ t˘1uL, b „ t˘1u, µ⃗ „ t˘1uL, µi “

$

’

’

&

’

’

%

1 w.p. 1´ ε

´1 w.p. ε

3. Test fupx⃗qgvpy⃗qgvppx⃗ ˝ πeqy⃗µ⃗ ¨ bq “ b, where

px⃗ ˝ πeqi “ xπepiq
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Random bit b is for not to be hacked.

Completeness: If σ satisfies all LC constraints. Let fupx⃗q “ xσpuq, gvpy⃗q “ yσpvq.

Then
fupx⃗qgvpy⃗qgvppx⃗ ˝ πeqy⃗µ⃗ ¨ bq “ xσpuqyσpvqxπepσpvqqyσpvqµσpvq ¨ b

“ µσpvq ¨ b

Therefore, Prraccepts “ 1´ ε.

Soundness: If Prraccepts ą 1
2
` δ, then we prove that D LC solution value ě η.

Fix e “ pu, vq P E,

Prre passes tests

“
1

2
`

1

2
E

x⃗,y⃗µ⃗,b
bfupx⃗gvpy⃗qgvppx⃗ ˝ πeqy⃗µ⃗ ¨ bqq

“
1

2
`

1

2
E

«˜

ÿ

S

pfupSqχSpx⃗q

¸˜

ÿ

T

pgvχT py⃗q

¸˜

ÿ

U

pgvpUqχUppx⃗ ˝ πeq ¨ y⃗ ¨ µ⃗ ¨ bq

¸

¨ b

ff

“
1

2
`

1

2

ÿ

S,T,U

pfupSqpgvpT qpgvpUqE pχSpx⃗qχT py⃗qχUppx⃗ ˝ πeqy⃗µ⃗bqq

“
1

2
`

1

2

ÿ

S,T,U

pfupSqpgvpT qpgvpUq E⃗
x,b
rχSpx⃗qχUppx⃗ ˝ πeq ¨ bq ¨ bs

E⃗
y
rχT py⃗qχUpy⃗qs E⃗

µ
rχUpµ⃗qs

“
1

2
`

1

2

ÿ

S,T

pfupSqpgvpT q
2p1´ 2εq|T | E⃗

x,b
rχSpx⃗qχUppx⃗ ˝ πeq ¨ bq ¨ bs

“
1

2
`

1

2

ÿ

S,T

pfupSqpgvpT q
2p1´ 2εq|T | E⃗

x,b

“

χSpx⃗qχT px⃗ ˝ πeq ¨ b
|T |`1

‰

“
1

2
`

1

2

ÿ

S,T

pfupSqpgvpT q
2p1´ 2εq|T |1r|T | odds ¨ E⃗

x
rχSpx⃗qχT px⃗ ˝ πeqs

“
1

2
`

1

2

ÿ

S,T

pfupSqpgvpT q
2p1´ 2εq|T |1r|T | odds ¨ E⃗

x

«

ź

iPS

xi

ź

jPT

xπepjq

ff

“
1

2
`

1

2

ÿ

S,T

pfupSqpgvpT q
2p1´ 2εq|T |1r|T | odds ¨ E⃗

x

»

–

ź

iPrKs

x
1riPSs`|π´1

e piqXT
i |

fi

fl

looooooooooooooomooooooooooooooon

p˚q
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Let πodd
e pT q “ ti P rKs : |π´1

e piq X T | oddu. Then

p˚q ‰ 0ô @i P rKs, ri P Ss ` |π´1
e piq X T | even

ô πodd
e pT q “ S.

Therefore,

Prre passs “
1

2
`

1

2

ÿ

|T |:odd

pfupπ
odd
e pT qqpgvpT q

2p1´ 2εq|T |

looooooooooooooooooooomooooooooooooooooooooon

p˚˚q

If 1
2
` γ ď Prrpasss, then p˚˚q ě 2γ.

Since
ÿ

T

pgvpT q
2 “ 1,

2γ ď E
T„pg2v

”

1r|T | odds pfupπodd
e qp1´ 2εq|T |

ı

ñ PrT„pg2v

”

1r|T | odds pfupπodd
e qp1´ 2εq|T | ě γ

ı

ě γ

Call T good if T satisfies the above condition.

If T is good, we have

1) |T | odd, then πoddpT q ‰ H, @π.

2) p1´ 2εq|T | ě γ ñ |T | ď Op1
ε
log 1

ε
q, denote B “ Op1

ε
log 1

ε
q

3) pfvpπ
odd
e p|T |qq2 ě γ2

Definition 5.67. @u P U , Suggpuq “ tj P T |DS : pfupSq
2 ě γ2, |U | ď Bu.

Then |Suggpuq| ď Op 1
r2
¨ 1
ε
¨ log 1

r
q.

Sample Suggpvq “ T „ pg2v .
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Decoding σpuq „ UnifpSuggpuqq, σpvq „ UnifpSuggpvqq.

Prrσ satisfies e “ pu, vqs “ Prrσpuq “ πepσpvqqs

“ Pr
T„pg2v ,β„T
α„Suggpuq

rα “ πepβqs

“ PrrT goods ¨ Pr
β„T

α„Suggpuq

rα “ πepβq, T goods

ě γ ¨
1

B
¨

1

|Suggpuq

ě Ωpγ3ε2 log´2 1

γ
q

E
e
rγpeqs ě δ ñ Pr

e
pe satisfies πeq ě Ωpδ3ε2{ log2

1

δ
q “ η

Here we finally prove that E3LIN1´ε,1{2`δ is NP-Hard.

Corollary 5.68. @ε ą 0, Max3SAT1´ε, 7
8

`ε is NP-Hard.

Proof. Reduce the instance of 3LIN to 3SAT as follows:

3LINpIq Ñ 3SATpJq

xi ` xj ` xk ” 0Ñ

$

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

%

x̄i _ x̄j _ x̄k

x̄i _ xj _ xk

xi _ x̄j _ xk

xi _ xj _ x̄k
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xi ` xj ` xk ” 1Ñ

$

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

%

xi _ xj _ xk

xi _ x̄j _ x̄k

x̄i _ xj _ x̄k

x̄i _ x̄j _ xk

Then OPTpIq ě 1´ εñ OPTpJq ě 1´ ε.

OPTpIq ă 1{2` εñ OPTpJq ă 7{8` ε

5.9 Hardness of Max-Cut

Corollary 5.69. @ε ą 0,
ˆ

16

17
` ε

˙

-approximation Max-Cut is NP-Hard.

Remark 5.70. Assume Unique Games Conjecture, αGW ` ε-approximation Max-

Cut R P.

Definition 5.71. Unique Label Cover Game is the label cover game pK,Kq that

πuv is a permutation over rKs.

Fact 5.72. ULC P P

Conjecture 5.73. @δ ą 0, DK ą 0 such that ULC1´δ,δ R P

Proof of Remark 5.70.

Cut Dictatorship Test: f : t˘1un Ñ t˘1u.

Cut test: fpx⃗q ‰ fpy⃗q.

Parameter: ρ.

1. Uniformly sample x⃗ „ t˘1un
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2. Sample µ⃗ P t˘1un

µi “

$

’

’

&

’

’

%

1 w.p. 1`ρ
2

´1 w.p. 1´ρ
2

pEµi “ ρq

Test fpx⃗q ‰ fpx⃗µ⃗q

Prrf passs “ E⃗
x,µ⃗

„

1´ fpx⃗qfpx⃗µ⃗q

2

ȷ

“
1

2
´

1

2
E⃗
x,µ⃗

˜

ÿ

S

pfpSqχSpx⃗q

¸˜

ÿ

T

pfpT qχT px⃗µ⃗q

¸

“
1

2
´

1

2

ÿ

S,T

pfpSq pfpT q

˜

ÿ

x⃗

χSpx⃗qχT px⃗q

¸˜

ÿ

µ⃗

χT pµq

¸

“
1

2
´

1

2

ÿ

S

pfpSq2ρ|S|

“
1

2
´

1

2
Sρpfq

We investigate some major functions:

1. Dictators: fpx⃗q “ xi

Prrf passs “
1

2
´

1

2
ρ

2. Constant functions: f ” 0, f ” 1.

Prrf passs “ 0

3. Parity functions: f “ χSpx⃗q.

Prrf passs “
1

2
´

1

2
ρ|S|
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4. Majority function: fpx⃗q “ sgn

ˆ

x1 ` ¨ ¨ ¨ ` xn
?
n

˙

¨

˝

x1`¨¨¨`xn?
n

ř

xiµi?
n

˛

‚Ñ N p0,

»

–

1 ρ

ρ 1

fi

flq

Prrf passess « Pr
¨

˚

˚

˚

˝

g1

g2

˛

‹

‹

‹

‚

„N p0,

»

—

—

—

–

1 ρ

ρ 1

fi

ffi

ffi

ffi

fl

q

rsgnpg1q ‰ sgnpg2qs “
arccos ρ

π

5. Linear Threshold function (LFT)

fpx⃗q “ sgnp⃗aT x⃗q, }⃗a}2 “ 1

Then Majority function is a special case a⃗ “ p1{
?
n, ¨ ¨ ¨ , 1{

?
nq of LFT.

Dictator function is also a special case a⃗ “ p0, 0, ¨ ¨ ¨ , 0, 1, 0 ¨ ¨ ¨ , 0q of LFT.

Theorem 5.74 (High-Dim Berry Esseen). Let Y⃗1, ¨ ¨ ¨ , Y⃗n be independent random vari-

ables in Rd, where EYi “ 0⃗,
n
ÿ

i“1

ValrYis “ Id Let Y⃗ “ Y⃗1 ` ¨ ¨ ¨ ` Y⃗n. For all measurable

convex sets A Ă Rd, we have

ˇ

ˇ

ˇ

ˇ

PrrY⃗ P As ´ Pr
g⃗„Np0,Idq

rg⃗ P As

ˇ

ˇ

ˇ

ˇ

ď p42d1{4 ` 16q
n
ÿ

i“1

E }Yi}
3
2

Lemma 5.75. If f “ sgnp⃗aT x⃗q, }a}2 “ 1. Then

Prrf passess “
arccos ρ

π
˘

Op1q
a

p1´ ρ2q3
max

i
|ai|

Completeness: If f is a dictator function, then Prrpasss “
1´ ρ

2
.

Soundness: f far from dictator, then Prrtextpasss „
arccos ρ

π
ô Prrpasss ą

arccos ρ
π

` ε, then f has a few "influential dimensions" which can be decoded for
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ULC.

Definition 5.76 (Influence). Given f : t˘1un Ñ t˘1u. For any i P rns, define

Infipfq “ Pr
x⃗„t˘1un

“

fpx⃗q ‰ fpx⃗biq
‰

“ E
x⃗„t˘1un

„

1´ fpx⃗qfpx⃗biq

2

ȷ

“
1

2
´

1

2
E⃗
x

˜

ÿ

S

pfpSqχSpx⃗q

¸˜

ÿ

T

pfpT qχT px⃗
biq

¸

“
1

2
´

1

2

ÿ

S,T

pfpSq pfpT q E⃗
x
χSpx⃗qχT px⃗

biq

“
1

2
´

1

2

ÿ

iPS

pfpSq ´
1

2

ÿ

iRS

pfpSq2

“
ÿ

iPS

pfpSq2

Example 5.77. Let f be the majority function over n “ 2k ` 1 variables. Then

Infipfq “ Pr
x⃗„t˘1un

rmajpx⃗q ‰ majpx⃗biqs “

`

2k
k

˘

22k
“

p2kq!

22kpk!q2
«

a

2πp2kq ¨
`

2k
e

˘2k

22kp2πkq
`

k
e

˘2k
“

?
4πk

2πk
“ Θp

1
?
n
q

Theorem 5.78 (Majoiry is Stablest). Let ρ P p´1, 0q, ε ą 0. Then Dτ “ τpρ, εq ą 0

such that @f : t˘1u Ñ t˘1u, if Infipfq ď τ , @i, then

Sρpfq ą 1´
2 arccos ρ

π
´ ε

Therefore,

Prrfpx⃗q ‰ fpx⃗µ⃗qs “
1

2
´

1

2
Sρpfq ă

arccos ρ

π
`

ε

2

Theorem 5.79. Let ρ P p´1, 0q, ε ą 0. There exists τ “ τpρ, εq ą 0, C “ Cpρ, εq ą 0
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such that f : t˘1un Ñ r´1, 1s with max
i
tInfďC

i Cpfqu ď τ , we have

Sρpfq ě 1´
2 arccos ρ

π
´ ε

Definition 5.80. Infiď CpF q “
ÿ

SQi,|S|ďC

pfpSq2

Claim 5.9.1.

ÿ

iPrns

InfďC
i f “

ÿ

S,|S|ďC

pfpSq2 ¨ |S| ď C ¨
ÿ

S

pfpSq2 ď C

Therefore,
ˇ

ˇti : InfďC
i pfq ą τu

ˇ

ˇ ă
C

τ
.

i.e. If Prrf pass dict tests ą
arccos ρ

π
`

ε

2
then 1 ď |ti : InfďC

i pfq ą τu| ă
C

τ
.

5.9.1 The Entire Proof

Unique Label Cover Game: Constraint graph G “ pU, V,Eq left-regular. Alpha

bet Σ “ rKs. Constraints @e “ pu, vq P E, πe : rKs Ø rKs. Prover: provide

σ : U Y V Ñ rKs. Verifier: Sample pu, vq „ E, test πuvpσpvqq “ σpuq.

Unique Games Conjecture states that @δ ą 0, DK “ Kpδq s.t.

Gap´ ULCpKq1´δ,δ R P .

Reduction to MaxCut:

1. Sample u „ U, v, w „ Npuq.

2. Sample x⃗ „ t˘1un, y⃗ „ρ x⃗.

3. Test fvpx ˝ πuvq ‰ fwpy ˝ πuwq, here fv is the "long code" encoding.

Completeness: If σ : U Y V Ñ rKs passes ULC test with probability 1´ δ.
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Let fvpx⃗q “ xσpvq.

Prrtfvu pass cut tests “ E
u,v,w

Pr
x⃗,y⃗
rfvpx ˝ πuvq ‰ fwpy ˝ πuwqs

“ E
u,v,w

Pr
x⃗,y⃗

“

x⃗πuvpσpvqq ‰ y⃗πuwpσpwqq

‰

ě E
u,v,w

Pr
x⃗,y⃗
rwhen σ satisfies πuv, πuw s ¨

1´ ρ

2

ě p1´ 2δq ¨
1´ ρ

2

ě
1´ ρ

2
´ δ

Soundness: Goal: If p˚q “ Prrtfvu pass cut tests ą
arccos ρ

π
` ε, then Dσ : U Y

V Ñ rKs satisfying ą δ frac of ULC edges.

Prrfor u passess “ E
v,w„Npuq

Prrx⃗, y⃗ „ρ x⃗srfvpx⃗ ˝ πuvq ‰ fwpy⃗ ˝ πuwqs

“ E
v,w

„

1

2
´

1

2
´ E

x⃗,y⃗„ρx⃗
rfV px⃗ ˝ πuvq ¨ fwpy⃗ ˝ πuwqs

ȷ

“
1

2
´

1

2
E

x⃗,y⃗„ρx⃗

ˆ

E
v„Npuq

fvpx⃗ ˝ πuvq

˙ˆ

E
w„Npuq

fwpy⃗ ˝ πuwq

˙

(˚˚)

Definition 5.81.

gvpx⃗q fi E
v„Npuq

rfvpx⃗ ˝ πuvqs P r´1, 1s

Then

p˚˚q “
1

2
´

1

2
E

x⃗,y⃗„ρx⃗
rgupx⃗qgupy⃗qs “

1

2
´

1

2
Sρpguq

Therefore, p˚q ą
arccos ρ

π
` εñ D

ε

2
fraction of u such that Prrupasss ą arccos ρ

π
` ε

2
,

for which we call "good".

Then for "good u", Sρpguq ă 1 ´ 2 arccos ρ
π

´ ε
5.79
ñ Suggpuq “ ti : InfďC

i pguq ą τu

with 1 ď |Suggpuq| ď C
τ

.
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gupx⃗q “ E
v„Npuq

ÿ

SĂrns

pfpSq ¨ χSpx⃗ ˝ πuvq

“
ÿ

SĂrns

pfpSq E
v„Npuq

χπuvpSqpx⃗q

“
ÿ

SĂrns

ˆ

E
v„Npuq

pfpπ´1
uv pSqq

˙

χSpx⃗q

Therefore, pgupSq “ E
v„Npuq

pfpπ´1
uv pSqq. So

τ ă InfďC
i pguq “

ÿ

SQi,|S|ďC

pgupSq
2

“
ÿ

SQi,|S|ďC

ˆ

E
v„Npuq

pfvpπ
´1
uv pSqq

˙2

“
ÿ

SQi,|S|ďC

E
v„Npuq

pfvpπ
´1
uv pSqq

2

“ E
v„Npuq

ÿ

SQπ´1
uv piq,|S|ďC

pfvpSq
2

“ E
v„Npuq

InfďC

π´1
uv piq

pfvq

So at least
τ

2
frac of v P Npuq such that InfďC

π´1
uv piq

pfvq ą τ{2, which we call "good"

Let Suggpvq fi ti : InfďC
i pfvq ą τ{2u. Then for those "good v" |Suggpvq| ď 2C{τ

Pr
σ„Sugg

E
ePE
rσ satisfies ρs ě

ε

2
¨
τ

2
¨
τ

2C
“

ετ 2

8C
fi δ

5.10 Investigation on ULC

Definition 5.82 (Constraint Satisfaction Problem(CSP)). Alphabet: rKs, Arity: r,

Predicate: tP Ă rKsru.

Max-cut is the case of K “ 2, r “ 2, P “ tpα, βq, α ‰ βu.

Max-3LIn is the case of k “ 2, r “ 3, P can be tpα, β, γq : α ‘ β ‘ γ “ 0, 1u.

91



Index
α-approximation algorithm, 34

3-CNF, 34

arborescence, 13

Bellman Equation, 15

c vs. s Decision Problem, 35

CNF, 34

cut, 10

cutset, 10

fundamental cut, 10

Fundamental cycle, 10

gap ratio, 42

hyperparameter, 16

Integrality Gap (IG) instance, 42

Laplacian, 76

Markov Inquality, 40

NP-complete, 47

NP-hard, 47

polynomial reduction, 47

spanning tree, 10

st-flow, 21

Unique Label Cover Game, 85

92



Important Theorems

2.2 Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.6 Theorem (Invariant) . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.10 Theorem (Cayley Theorem) . . . . . . . . . . . . . . . . . . . . . . . 10

2.11 Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.18 Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

4.2 Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

4.4 Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

4.11 Theorem (Hall’s Theorem) . . . . . . . . . . . . . . . . . . . . . . . . 27

4.14 Theorem (Menger’s Theorem) . . . . . . . . . . . . . . . . . . . . . . 28

4.25 Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

5.2 Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

5.11 Theorem (Markov Inequality) . . . . . . . . . . . . . . . . . . . . . . 40

5.12 Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

5.13 Theorem (Chernoff Bound) . . . . . . . . . . . . . . . . . . . . . . . 44

5.14 Theorem (Cock-Levin) . . . . . . . . . . . . . . . . . . . . . . . . . . 47

5.15 Theorem (Max-Coverage) . . . . . . . . . . . . . . . . . . . . . . . . 48

5.16 Theorem (PCP theorem) . . . . . . . . . . . . . . . . . . . . . . . . . 49

5.18 Theorem (PCP theorem) . . . . . . . . . . . . . . . . . . . . . . . . . 49

5.21 Theorem (PCP theorem) . . . . . . . . . . . . . . . . . . . . . . . . . 50

5.22 Proposition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

5.23 Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

5.26 Theorem (not quite true) . . . . . . . . . . . . . . . . . . . . . . . . . 53

5.27 Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

5.29 Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

5.35 Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

93



5.38 Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

5.39 Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

5.41 Theorem (Low-Diameter Decomposition, LDD) . . . . . . . . . . . 60

5.43 Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

5.44 Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

5.48 Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

5.52 Proposition (Fourier expansion) . . . . . . . . . . . . . . . . . . . . . 67

5.53 Theorem (Parseval’s) . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

5.61 Theorem (Bourgain’ 1985) . . . . . . . . . . . . . . . . . . . . . . . . 73

5.62 Theorem (LLR 1995) . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

5.63 Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

5.64 Theorem (Low-Diameter Decomposition) . . . . . . . . . . . . . . . 74

5.66 Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

5.74 Theorem (High-Dim Berry Esseen) . . . . . . . . . . . . . . . . . . . 87

5.78 Theorem (Majoiry is Stablest) . . . . . . . . . . . . . . . . . . . . . . 88

5.79 Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

Important Examples

1.1 Example (Task Assignment) . . . . . . . . . . . . . . . . . . . . . . . 4

1.7 Example (Task machine) . . . . . . . . . . . . . . . . . . . . . . . . . 5

2.1 Example (Interval Scheduling) . . . . . . . . . . . . . . . . . . . . . 6

2.3 Example (Interval Partitioning) . . . . . . . . . . . . . . . . . . . . . 7

2.5 Example (Single-Source Shortest Path(SSSP)) . . . . . . . . . . . . . 8

2.8 Example (Minimum Spanning Tree (MST)) . . . . . . . . . . . . . . 10

2.16 Example (Minimum Arborescence) . . . . . . . . . . . . . . . . . . . 13

3.1 Example (Weighted Interval Scheduling) . . . . . . . . . . . . . . . 15

94



3.2 Example (Least Square) . . . . . . . . . . . . . . . . . . . . . . . . . . 16

3.3 Example (Segmented Least Square) . . . . . . . . . . . . . . . . . . . 16

3.4 Example (Knapsack Problem) . . . . . . . . . . . . . . . . . . . . . . 16

3.6 Example (RNA Secondary Structure) . . . . . . . . . . . . . . . . . . 19

3.7 Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

3.8 Example (Matrix Multiplication) . . . . . . . . . . . . . . . . . . . . 21

4.1 Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

4.10 Example (Bipartite Matching) . . . . . . . . . . . . . . . . . . . . . . 27

4.13 Example (Network Connectivity) . . . . . . . . . . . . . . . . . . . . 28

4.15 Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

4.17 Example (Survey Design) . . . . . . . . . . . . . . . . . . . . . . . . 29

4.18 Example (Airline Scheduling) . . . . . . . . . . . . . . . . . . . . . . 30

4.20 Example (Image Segmentation) . . . . . . . . . . . . . . . . . . . . . 30

4.22 Example (Project Selection) . . . . . . . . . . . . . . . . . . . . . . . 31

4.24 Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

5.1 Example (3-CNF) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

5.5 Example (Set-Cover) . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

5.10 Example (Weighted Min Set-cover) . . . . . . . . . . . . . . . . . . . 38

5.34 Example (Multicut) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

5.37 Example (Vertex Cover) . . . . . . . . . . . . . . . . . . . . . . . . . 58

5.42 Example (Max-cut) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

5.50 Example (Instance) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

5.54 Example (3-Coloring) . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

5.55 Example (Min-3-Coloring) . . . . . . . . . . . . . . . . . . . . . . . . 69

5.58 Example (Sparsest Cut) . . . . . . . . . . . . . . . . . . . . . . . . . . 71

5.77 Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

95


	Introduction
	Models of Computation: Turing Machines
	Models of Computation: word RAM
	Polynomial Running Time
	Notation
	Tentative Syllabus

	Greedy Algorithms
	Interval Scheduling
	Interval Partitioning
	Single-Source Shortest Path
	Minimum Spanning Tree
	Minimum Arborescence

	Dynamic Programming
	Weighted Interval Scheduling
	Segmented Least Square
	Knapsack Problem
	RNA Secondary Structure
	Sequence Alignment(Edit Distance)
	Matrix Multiplication

	Flow Network
	Definition
	Appllication

	Introduction to Approximation Algorithm
	Set-Cover
	Weighted Min Set-cover and Randomized Rounding
	Hardness of Approximation
	Label-Cover Games
	Multicut
	3-Coloring
	Sparsest Cut
	Hardness of Approximating MAXE3LIN
	Hardness of Max-Cut
	Investigation on ULC

	Index

