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1 Smooth Manifold

Definition 1.1 (Topological manifold). A spaceM is called a topological manifold

if

1. locally Euclidean

2. Hausdorff

3. second countable

Definition 1.2 (Smooth Manifold). A smooth structure is given by an equivalence

class of smooth atlas tpUα, φαqu s.t. φαβ : φαpUα X Uβq Ñ φβpUα X Uβq is smooth

@α, β. M “ YUα.

A smooth manifold is a topological manifold with a smooth structure.

Define when a continuous map f :M1 Ñ M2 is smooth if @pU1, φ1q P A1, pU2, φ2q P

A2, we have φ2 ˝ f ˝ φ´1
1 : φ1pU1 X U2q Ñ φ2pU1 X U2q is smooth.

Definition 1.3. Given pM1,A1q, pM2,A2q. A homeomorphism f : M1 Ñ M2 is

called a diffeomorphism if f , f´1 is smooth.

In this case we say pM1,A1q, pM2,A2q are diffeomorphism.

Theorem 1.4 (Kervaire). D 1 10-dimensional topological manifold without smooth man-

ifold.

Theorem 1.5 (Milnor). D a smooth manifold M s.t. M – S7 but not in diffeomorphism

meaning.

Theorem 1.6 (Kervaire-Milnor). D 28 smooth structures (up to orientation preserving

diffeomorphism) on S7

Theorem 1.7 (Morse-Birg). On S7. If n ď 3, then any n-dimensional topological man-

ifold M has a unique smooth structure up to diffeomorphism.

4



Theorem 1.8 (Stallings). If n ‰ 4, then D a unique smooth structure on Rn up to

diffeomorphism.

Theorem 1.9 (Donaldson-Freedom-Gompf-Faubes). D uncountable smooth struc-

tures on R4 up to diffeomorphism.

Definition 1.10 (topological manifold with boundary). A spaceM is called a topo-

logical manifold with boundary if

1. M is Hausdorff

2. M is second countable

3. @p P M , D a neighbourhood U of p and a homeomorphism φ : U Ñ V where

V is open in Hn

We say a manifold M is closed if M is compact and BM is empty.

Our motivation for studying manifold is to study the space of solution for

equations.

Question 1. Given f : Rn Ñ R smooth, q P Rn, when is f´1pqq is a smooth

manifold?

For f : U Ñ Rn smooth, U open in Rm, the differential of f at p P U denoted as

dfppq.

Definition 1.11. We say p P U is a regular point of f if dfppq is surjective. Other-

wise we say p P U is a critical point.

A point q P Rn is called a regular value of f if @p P f´1pqq , p is a regular point of

f .

A point q P Rn is called a critical value of f if @p P f´1pqq , p is a critical point of f .
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Theorem 1.12 (Implicit function theorem). If p P U is a regular point of f : U Ñ Rn.

Then there exists

• An open neighbourhood V of p in U

• An open subset V 1 of Rm

• A diffeomorphism φ : V Ñ V 1 such that P ˝ φ “ f where P is the projection from

Rm to Rn.

In other words, near a regular point, we can do local coordinate change to turn f into the

projection.

Remark 1.13. Inverse function theorem and Implicit function theorem gives a

way to find the related from "a point" to "a beibourhood"!

In particular, we have a homeomorphism

f´1pfppqq X V
–

ÝÝÝÝÝÝÝÝÑ
restriction of φ

tpx1, . . . , xmq P V 1|px1, ¨ ¨ ¨ .xnq “ fppqu

i.e. if we set M “ f´1pfppqq, then pM X V, φpq is a chart that contains p.

Corollary 1.14. If q is a regular value of f : U Ñ Rn then f´1pqq is a smooth manifold.

Remark 1.15. It suffices to show that the corresponding charts are compatible.

Theorem 1.16 (Sard). If f : U Ñ Rn is a smooth map, then the set of critical values of

f has measure 0.

Remark 1.17. For a "generic" q, f´1pqq is a manifold of dimension m ´ n.

Corollary 1.18. If f : U Ñ Rn is smooth and m ă n then fpUq has measure 0.
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1.1 Lie Groups and Homogeneous Spaces

Definition 1.19. We say G is a Lie group if it is a topological group with a smooth

structure such that the multiplication map ¨ : G ˆ G Ñ G and the inverse map

G ù G is smooth.

Example 1.20. GLpn,Rq “ tn ˆ n matrices with non-zero determinantu Ă Rnˆn

Opnq “ tA P GLpn,Rq|AAT “ Iu

SOpnq “ tA P Opnq| detA “ 1u

Upnq “ tA P GLpn,Cq|AA
T

“ Iu

SUpnq “ tA P Upnq| detA “ 1u

Exercise 1.21.

Op1q – S2 SOp1q – ˚ (1.1)

SOp2q – S1 SOp3q – RP3 (1.2)

SUp2q – S3 Upnq – S1 ˆ SUpnq (1.3)

The last one is a diffeomorphism but do not preserve the multiplicatioin, i.e. not

an isomorphism of Lie group.

Theorem 1.22 (Carton). Let H be a closed subgroup of Lie group G. Then H is a Lie

group. More precisely, H is topological manifold, carries a canonical smooth structure

that makes the multiplication and inverse smooth. Also, G{H is a smooth manifold

Definition 1.23. Let M be a smooth manifold. We say M is a homogeneous space

if D a Lie group G with a smooth transitive action ρ : G ˆ M Ñ M .

Definition 1.24. For M be a homogeneous space. The isotropy group of x P M is

defined as

Isopxq “ tg P G|gx “ xu
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closed subgroup of G

Given any x, x1 P M , Isopxq – Isopx1q because the group action is transitive.

Hence, we have a well-defined map

p : G{Isopxq Ñ M (1.4)

g ÞÑ gx (1.5)

Theorem 1.25. p is always a diffeomorphism.

Therefore, we have this proposition

Proposition 1.26. M is a homogeneous space ô M “ G{H for some closed subgroup

H .

Example 1.27. If M “ Sn, let G “ SOpn ` 1q.

Then Isop1, 0, ¨ ¨ ¨ , 0q – SOpnq.

So Sn – SOpn ` 1q{pSOpnqq.

Similarly, we can prove RPn – SOpn ` 1q{pOpnqq, CPn – SOpn ` 1q{pUpnqq

The isotropy k dimensional linear subspaces of Rn can be Opkq ˆ Opn ´ kq if G “

Opnq

A connected closed surface is a homogeneous space if and only if it is diffeo-

morphic to RP2, S2, T 2 and Klein bottle.

Theorem 1.28 (Whithead). Any smooth manifold has a triangulation.

Theorem 1.29 (Poincare-Hopf). G is compact Lie group ñ χpGq “ 0.

Theorem 1.30 (Mostow2005). M is a compact homogeneous space ñ χpMq ě 0.
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1.2 Bump Function and Partition of Unity

Theorem 1.31 (Urysohn smooth version). Given M , closed disjoint A,B, D smooth

f :M Ñ r0, 1s s.t. f |A “ 0, f |B “ 1.

Theorem 1.32 (Tietze). Given M , closed A, smooth f : A Ñ Rn, there exists smooth

pf :M Ñ Rn s.t. pf |A “ f

To prove these and much more result we need partition of unity theorem.

First we define bump function.

Lemma 1.33. Let U be a neighbourhood of p P M . Then D smooth σ :M Ñ r0, 1s s.t.

1. σ ” 1 near p

2. Supp σ Ă U

Such σ is called a bump function at p, supported in U .

Definition 1.34. An open cover of a space X is locally finite if any point has a

neighbourhood that intersects only finite many open sets of this cover.

Proposition 1.35. Given compact K Ă U and open neighbourhood U of K, D a smooth

g :M Ñ r0,`8q s.t. g|K ” 1 and Supp g Ă U .

Definition 1.36. An exhaust of a space X is a sequence of open sets tUiu s.t.

1. X “
8
Ť

i“1

Ui

2. Ui is compact and contained in Ui`1

Theorem 1.37. Any topological manifold has an exhaust.

Given two open covers U ,V , we say V is a refinement of U if @Uα P U , DVβ P V

s.t. Vβ Ă Uα.
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We say a space X is paracompact if any open cover has a locally finite refine-

ment.

Actually, any metric space is paracompact.(The proof is hard)

Proposition 1.38. Let U “ tUαu be an open cover of a topological manifold M . Then

there exists countable open covers W “ tWiu, V “ tViu s.t.

• For any i, Vi is compact and Vi Ă Wi

• W is locally finite.

• W is a refinement of U .

As a corollary, we have any topological manifold is paracompact.

Definition 1.39. Given open cover U of a smooth M , a partition of unity subordi-

nate to U is a collection of smooth functions tρα :M Ñ r0, 1suαPA s.t.

1. @p P M , D only finitely many α P A s.t. p P Supp ρα

2.
ř

αPA
ραppq “ 1

3. Supp ρα Ă Uα

Theorem 1.40 (Existence of P.O.U). For any open cover U of smooth M , D a P.O.U

subordinate to U

Theorem 1.41 (Whitney approximation theorem). Given any smooth M , any closed

A and any continuous f : M Ñ R, δ : M Ñ p0,`8q. Suppose f is smooth on A. Then

Dg :M Ñ R smooth s.t.

• g|A “ f |A

• @p P M , |gppq ´ fppq| ă δppq.
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2 Tangent space and tangent vectors

2.1 Tangent Space

Given p P M , consider the set C8
p pMq “ tsmooth function V Ñ Ru{„ where

f1 „ f2 if and only if D neighbourhood U of p, f1|U “ f2|U .

C8
p pMq is the space of genus of smooth function near p.

A partial-derivative of p is a R-linear map D : C8
p pMq Ñ R that satisfies the

Leibniz rule:

Dpfgq “ Dpfqgppq ` fppqDpgq

Definition 2.1. A tangent vector of M at p is a partial-derivative at p.

Define the tangent space TpM “ tall partial-derivative at p u, which is a R-

vector space.

Proposition 2.2. For M “ U Ă Rn open. We have t
B

Bxi
u is a basis for TpU .

Proposition 2.3.
B

Bxi
|p “

ÿ

1ďiďn

Byi

Bxi
¨

B

Byi
|p

Now we try to define differential of a smooth map.

M,N smooth manifolds, C8pN,Mq “ tsmooth F : N Ñ Mu.

Given F P C8pN,Mq, F induces F ˚ : C8
F ppqpMq Ñ C8

p pNq, f ÞÑ f ˝ F .

By taking dual, we get

F˚ : TpN Ñ TF ppqM

we also write F˚ as F˚,p, call it the differential of F at p.

where

F˚p
B

Bxi
|pq “

ÿ

k

BF k

Bxi
¨

B

Byk
|F ppq
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Proposition 2.4. The differential satisfies the composition law.

pG ˝ F q˚ “ G˚ ˝ F˚ : TpN Ñ TG˝F ppqW

Definition 2.5. A smooth curve is a smooth map γ : pa, bq Ñ M . We say γ starts

at p if γp0q “ p. We define the velocity of γ at γp0q as γ˚p B
Bt

|0q P Tγp0qM

Take charts pU, x1, ¨ ¨ ¨ , xnq about p, let γi “ xi ˝ γ.

We say γ, δ are tangent to each other at p if pγiq1p0q “ pδiq1p0q.

Now we can define

pTpMqcurve :“ tsmooth curves γ starting at p u{„

where γ „ δ iff they are tangent to each other.

Then these definition is more geometric.

Lemma 2.6. Given F P C8pM,Mq, p P N , the diagram commutes:

γ P pTpNqcurve TpN

F ˝ γ P pTF ppqMqcurve TF ppqM

–

–

2.2 Tangent Bundle

Let pM,Aq be a smooth manifold, TM “
ď

pPM

TpM , called the tangent bundle

Now we want to define a natural topology and smooth structure on TM . Take

any chart pU,φq “ pU, x1, ¨ ¨ ¨ , xnq P A.

We have a map

pφ : TU
–
ÝÑ φpUq ˆ Rn Ă Rn ˆ Rn
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X P TpU ÞÑ pφppq, X1, ¨ ¨ ¨ , Xnq

where X “
ř

X i B
Bxi

|p.

Then pull back standard topology on φpUq ˆ Rn to a topology on TU .

B “ tpφ´1pV q|pφ,Uq P A, V open in φpUq ˆ Rn u

There is some fact in topology:

• B is a basis

• B generates a Hausdorff, second countable topology on TM .

So TM is a topological manifold covered by charts pA “ tpTU, pφq|pU,φq P Au.

Given pTU, pφq, pTV, pψq P pA, the transition function is

φpU X V q ˆ Rn
pψ˝pφ´1

ÝÝÝÝÑ ψpU X V q ˆ Rn (2.1)

pp, xq ÞÑ pψ ˝ φ´1, Jpψ ˝ φ´1q|ppXqq (2.2)

So pA is a smooth atlas on TM , making TM into a smooth manifold.

Definition 2.7 (vector bundle). Given a continuous map f : E Ñ B, we say f is

a n-dimensional vector bundle if: D an open cover U “ tUαuαPI of B and homeo-

morphisms tf´1pUαq
ρα
ÝÑ

–
Uα ˆ Ru s.t.

•
f´1pUαq Uα ˆ Rn

Uα

f

ρα

projection

commutes for α P I .

• @ p P Uα X Uβ , the map

Rn “ tpu ˆ Rn ρα
ÝÑ f´1ppq

ρβ
ÝÑ tpu ˆ Rn “ Rn
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is linear.

Call f´1ppq the fiber over p.

Proposition 2.8. Given vector bundle f : E Ñ B, the fiber f´1ppq has a structure of a

vector space.

Example 2.9 (Product bundle). E “ Rn ˆ B

Example 2.10 (Tautological bundle).

B “ CPn “ t1-dim complex subspace of Cn`1u, E “ tpL, vq P CPn ˆ Cn`1u

And we map pL, vq ÞÑ L

Given vector bundles E1
π1
ÝÑ B1, E2

π2
ÝÑ B2, a bundle map consists of p pf, fq s.t.

•
E1 E2

B1 B2

pf

π π

f

commutes.

• @b P B, pf : π´1
1 pbq Ñ π´1

2 pfpbqq is linear.

If pf, f are diffeomorphisms, then we call p pf, fq an isomorphism of vector bundle.

An isomorphism to a product bundle is called a trivialization. An bundle is

trivial if it has a trivialization.

Example 2.11. TS1, TS2 are both trivial.

S1 – Op1q – SOp2q, S3 – SUp2q

Theorem 2.12. If G is a Lie group, then TG is trivial.

Proof. For px1, x2, ¨ ¨ ¨ , xnq is a basis of TeG The bundle isomorphism is

G ˆ Rn φ
ÝÑ TG, pg, c1, ¨ ¨ ¨ , cnq ÞÑ pg, plgq˚,ep

ÿ

i

cixiqq
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where

lg : G Ñ G, h ÞÑ gh

is a diffeomorphism. Hence, it induces the isomorphism plgq˚

Proposition 2.13 (Adams, 1960s). TSn is trivial if and only if n “ 0, 1, 3, 7.

Proposition 2.14.

1. Given any F P C8pM,Nq, F˚ : TM Ñ TN is a bundle map.

2. TSn is isomorphic to the following bundle:

B “ sn E “ tpp, vq P Sn ˆ Rn`1|v K pu

Definition 2.15 (smooth section). Given a smooth vector bundle π : E Ñ B, a

smooth section is a smooth map S : B Ñ E s.t. π ˝ S “ idb.

s0 : B Ñ E, b ÞÑ 0 P 0-vector in π´1b .

2.3 Vector Field, Curves and Flows

Definition 2.16. A (tangent) vector field is a smooth section of TM . i.e. a

smooth map M X
ÝÑ TM s.t. Xppq P TpM ,@p P M

Given any f : Rn Ñ R, define the gradient vector field

▽fp :“
ÿ

1ďiďn

Bf

Bxi
ppq

B

Bxi

Example 2.17. X “ f 1Bx1 ` f 2Bx2 is a gradient field if and only if
Bf 1

Bx2
“

Bf 2

Bx1
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Theorem 2.18 (Poincare-Hopf). For closed M , M has a nowhere vanishing vector field

if and only if χpMq “ 0.

So Sn has a nowhere vanishing vector field if and only if n is odd.

Theorem 2.19 (MaoQiu). S2 has no no-where vanishing vector field.

So We cannot smooth out all the hairs on a ball.

Given a vector field X “ tXpupPM , a curve γ : pa, bq Ñ M is called an integral

curve of X if γ1ptq “ Xγptq, @t P pa, bq, where γ1ptq “ γ˚p
B

Bt
q P TγptqM .

We say γ is maximal if the domain cannot be extended to a larger interval.

Denote the set of all smooth vector fields on M by TM

Recall that γ is maximal if it’s domain can not be extended to a large open

interval.

In a local chart pU, x1, ¨ ¨ ¨ , xnq, X|U “

n
ÿ

i“1

aiBxi. Then γ is an integral curve if

and only if pγiq1ptq “ aipγptqq, @1 ď i ď n, where γi “ xi ˝ γ : pa, bq Ñ R.

And in this case the initial value condition: γp0q “ p ô γip0q “ pi.

Locally, solving integral curve starting at p is equivalent to solving ODE with

initial value p1, ¨ ¨ ¨ , pn. By existence and uniqueness of solutions of ODE, we have

Theorem 2.20 (Fundamental theorem of integral curve). Let X P TM , p P M , then:

(1) (Uniqueness) Given any two integral curves γ1, γ2 : pa, bq Ñ M , then we have:

γ1pcq “ γ2pcq for some c P pa, bq ñ γ1 “ γ2

(2) there exists a unique max integral curve γ : pappq, bppqq Ñ M starting at p.

(3) (integral curve smoothly depend on initial values) D Nbh U of p, ε ą 0, and smooth

φ : p´ε, εq ˆ U Ñ M s.t. @q P U , φε :“ φp´, qq : p´ε, εq Ñ M is an integral

16



curve starting at q.

we call such φ a local flow generated by X .

Definition 2.21. Given X P TM , a global flow generated by X is a smooth map

φ : R ˆ M Ñ M s.t. @q P M , φq :“ φp´, qq is the maximal integral curve of X

starting at q.

ô
Bφ

Bt
ps, pq “ Xφps,pq, @s P R, p P M and φp0, pq “ p, @p P M .

If such global flow exists, then we say X is complete.

Example 2.22.

• X “ x¨Bx P TR is complete, where global flow φ : RˆM Ñ M , φpt, pq “ p¨et.

• X “ x2Bx is not complete. Max integral curve starting at 1 is given by

γptq “
1

1 ´ t
, t P p´8, 1q ‰ R.

Given X P TM , we define SuppX“ tp P M : Xp ‰ 0u.

Theorem 2.23. If a vector field X is compactly supported, then X is complete.

Corollary 2.24. Any vector field on closed manifold is complete.

Lemma 2.25 (Escaping lemma). Suppose γ : pa, bq Ñ M is a max integral curve, with

pa, bq ‰ R. Then E compact K Ă M s.t. γpa, bq Ă K

Proof. Otherwise, suppose γpa, bq Ă K. WLOG, we may assume b ă `8.

Take ptiq Ñ b from left. Then γptiq P K. After passing to subsequence, we may

assume pγptiqq Ñ p P K.

Then D U Nbh of p, local flow φ : p´ε, εq ˆ U Ñ M . Take n large enough s.t.

b´tn ă ε, γptnq P U . Then γp´`tnq : pa´tn, b´tnq Ñ M , φp´, γptnqq : p´ε, εq Ñ M

are both integral curves for X starting at γptnq. By uniqueness, they coincide.
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Let pγ : pa, tn ` εq Ñ M be defined by pγptq “

$

’

’

&

’

’

%

γptq, t P pa, bq

φpt ´ tn, γptnqq, t P rb, tn ` εq

Then pγ is an integral curve with larger domain, then γ contradiction with the

maxity of γ.

Proof of 2.23. Take any max integral curve γ : pa, bq Ñ M . Suppose pa, bq ‰ R.

Then Xγpsq ‰ 0, @s. Otherwise, the constant map R Ñ M, t ÞÑ γpsq is an integral

curve with lager domain.

So @s, γpsq P SuppX ñ γpa, bq Ă SuppX which is compact ñ pa, bq “ R by the

lemma. This causes contradiction!

A smooth φ : R ˆ M Ñ M is called an one-parameter transformation group

if

(1) φ0 :“ φp0,´q “ idM

(2) φs ˝ φt “ φs`t for all s, t P R. In particular, φ´1
s “ φ´s.

Theorem 2.26. φ P C8pR ˆ M,Mq, then φ is an one-parameter transformation group

if and only if φ is the global flow generated by some X P TM

Lemma 2.27 (Translation lemma). If γ : pa, bq Ñ M is an integral curve for some

X P TM , then @s P R, γp´ ` sq : pa ´ s, b ´ sq Ñ M is also an integral curve for X .

Proof. Let ι “ γp´ ` sq. Then ι1ptq “ Xγ1pt`sq “ Xιptq

Lemma 2.28. Let φ : p´ε, εq ˆ U Ñ M be a local flow for some X P TM . Then

φs ˝ φrppq “ φs`rppq provided that s, t, s ` t P p´ε, εq, p, φrppq P U .

Proof. γp “ φp´, pq is an integral curve for X .

ñ γpp´ ` sq is an integral curve for X starting at γppsq “ φsppq. But γφsppq is

also an integral curve starting at φsppq. Thus γφsppq “ γpp´ ` sq ñ φr ˝ φsppq “

γr`sppq
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Lemma 2.29. Let φ : p´ε, εq ˆ U Ñ M be a local flow for some X P TM . Then

φs,˚pXpq “ Xφsppq P TφsppqM i.e. any vector field is invariant under its flow.

Proof. Take f P C8
φppqpMq.

φs,˚pXpqpfq “ Xppf ˝ φsq

“
d

dt
pf ˝ φspφtppqqq|t“0

“
d

dt
pf ˝ φtpφsppqqq|t“0

“ Xφsppqpfq

Proof of 2.26. "ð" is because the lemma φs ˝ φr “ φs`r

"ñ" Let X “ tXpu where Xp “
Bφ

Bt
|p0,pq.

Leave it as an exercise.

Time dependent vector field is a smooth map X : R ˆ M Ñ TM s.t. Xpt,pq P

TpM .

A smooth curve γpa, bq Ñ M is the integral curve for X if γ1ptq “ Xpt,γptqq.

In local chart, solving γ is still solving ODE, so most results still holds for time

dependent vector field. Those are some properties:

• Uniqueness: γ1, γ2 are both integral curves for X , γ1pcq “ γ2pcq ñ γ1 ” γ2

• Max integral curve exists and is unique.

• Local flow exists.

Now define SuppX“ tp P M : Xt,p ‰ 0 for some tu.

Then X is compactly supported, then X is complete( i.e. a global flow φ :

R ˆ M Ñ M )
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But something is not true for time dependent vector field:

• translation lemma is not true.

• vector field change under its flow.

• global flow can not implies one-parameter transformation group.

2.4 Another Definition of Vector Field

A derivation on M is a R-linear map C8pMq
D
ÝÑ C8pMq that satisfies the Leib-

niz rule:

Dpf ¨ gq “ Df ¨ g ` f ¨ Dg

Theorem 2.30. We have a bijection:

ρ : TM
1:1
ÝÑ tderivation on Mu

X ÞÑ DX : f ÞÑ Xpfq

Lemma 2.31. Dp : TpM Ñ R-linear map C8pMq Ñ R s.t. Dppf ¨ gq “ Dppfq ¨ gppq `

fppq ¨ Dppgq is an isomorphism of vector spaces.

Proof. Leave it as an exercise.

Lemma 2.32. Given a vector field(not necessarily smooth) X “ tXpupPM , X is smooth

ô @f P C8pMq, Xpfq is smooth.

Proof. "ð" @p P M , take chart pU, x1, x2, ¨ ¨ ¨ , xnq around p. X|U “
řn
i“1 f

i B
Bxi

f i :

U Ñ R, where f i “ X|Upxiq. Take φ : M Ñ r0, 1s s.t. φ ” 1 near p, Suppφ Ă

U ,φ ¨ xi P C8pMq.
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ThenXpφ¨xiq “ f i near p. By assumption, f i is smooth near p. So f i is smooth,

so X is smooth.

"ñ" Similar.

Theorem 2.33. The map ρ : TM Ñ tderivation on Mu, X ÞÑ pDx : f ÞÑ Xpfqq is

well-defined and bijective.

Proof. ρ is well-defined: Xpfq P C8pMq by Lemma 2.32, and Dxpfgq “ Dxpfqg `

fDxpgq since X is a point-derivation.

ρ is injective: Dx “ Dy ñ DXp “ DYp as maps C8pMq to R. By Lemma 2.31,

we have Xp “ Yp, @p. So X “ Y .

ρ is surjective: Given D : C8pMq Ñ C8pMq. Define Dp : C8pMq Ñ R

by Dppfq :“ Dpfqppq satisfies the Leibniz rule. By Lemma 2.31, Dp “ DXp for

some Xp P TpM . Define X “ tXpupPM . Then Xpfq “ Dpfq, @f P C8pMq. By

Lemma2.32, X is a smooth vector field.

3 Lie group, Lie algebra and Lie bracket

3.1 Lie Bracket

In this section, we can actually find those identification:

tTangent vector at pu “ tpoint derivation at pu

“ tR-linear maps C8
p pMq

Dp
ÝÑ R s.t.

Dppfgq “ Dppfqgppq ` fppqDppgqu

tsmooth vector fieldsu “ tsmooth sections of TMu

“ tderivation on Mu
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Notation 3.1. We will identifyX P TM with its derivationDx : C
8pMq Ñ C8pMq.

So a vector field is just a R-linear map X : C8pMq Ñ C8pMq s.t. Xpfgq “

fXpgq ` Xpfqg.

Definition 3.2 (Lie bracket). Given two (smooth) vector field X,Y : C8pMq Ñ

C8pMq, we define the Lie bracket

rX,Y s “ X ˝ Y ´ Y ˝ X : C8pMq Ñ C8pMq

Theorem 3.3. For any X,Y P TM , rX,Y s P TM

Proof. Easy to check that rX,Y s is linear.

By Leibuniz rule,

rX,Y spfgq “ X ˝ Y pfgq ´ Y ˝ Xpfgq

“ XpY f ¨ g ` f ¨ Y gq ´ Y pXf ¨ g ` f ¨ Xgq

“ pX ¨ Y qpfq ¨ g ` f ¨ pX ˝ Y qpgq ´ pY ¨ Xqpgq ´ f ¨ ppY ˝ Xqpgqq

“ rX,Y spfq ¨ g ´ f ¨ rX,Y spgq

So What is the geometric meaning of rX,Y s? Non commutatiy of flows.

Fact 3.4. Given X,Y P TM , we say X,Y are commutative vector field if rX,Y s “ 0

X,Y are commuative iff for any local flows φX : p´ε, εq ˆ U Ñ M , φY : p´ε, εq ˆ

U Ñ M we have φXs ˝ φTt “ φYt ˝ φXs
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Proposition 3.5 (Calculation of rV,W s using local charts). Chart pU, x1, ¨ ¨ ¨ , xnq,

V,W P TM , V |U “

n
ÿ

i“1

V i B

Bxi
, W |U “

n
ÿ

i“1

W i B

Bxi
. Then

rV,W s|U “

n
ÿ

i“1

pV pW iq ´ W pV iqq
B

Bxi

“

n
ÿ

i“1

p

n
ÿ

j“1

V j BW i

Bxj
´ W j BV i

Bxj
q

B

Bxi

“
ÿ

1ďi,jďn

pV j BW i

Bxj
´ W j BV i

Bxj
q

B

Bxi

Example 3.6. V “ xBx ` yBy, W “ ´yBx ` xBy commutes.

Proposition 3.7 (Properties of Lie bracket).

(a) Natuality under push-forword.

Given any F P DiffpM,Nq, V P TM,W P TM , we have rF˚V, F˚W s “

F˚rV,W s.

(b) R-linearity @a, b P R

raX ` bV,W s “ arX,W s ` brV,W s

rW,aX ` bV s “ brW,Xs ` arW,V s

(c) anti-symmetric rV,W s “ ´rW,V s

(d) Jacobi identity

rV, rW,Xss ` rW, rX,V ss ` rX, rV,W ss “ 0
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(f) Leibuniz rule

rfV, gW s “ fgrV,W s ` pf ¨ V gqW ´ pg ¨ WfqV

Definition 3.8. Given F P C8pM,Nq, V P TM , W P TN . We say W is F -related

to V if @p P M , Fp,˚pVpq “ WF ppq where Fp,˚ : TpM Ñ TfppqN

Example 3.9. F : S1 Ñ R2, θ ÞÑ pcos θ, sin θq, V “ Bθ,W “ ´yBx ` xBy.

Note 1. In general, given V P TM and F P C8pM,Nq. There may not exist W P

TM s.t. V,W are F -related. Even such W exists, it may not be unique.

However, if F is a diffeomorphism, given any V , D unique W s.t. V and W

are F -related. Actually, Wp “ F˚VF´1ppq.

Such W is called push forward of V along F , denoted by F˚V , only defined

when F is a diffeomorphism.

Lemma 3.10. @V P TM,W P TN , F P C8pM,Nq. Then W is F -related to V iff

@f P C8pNq, V pf ˝ F q “ W pfq ˝ F P C8pMq

Proof. Check that Fp,˚pVpqpfq “ WF ppqpfq, @f P C8pNq

Proposition 3.11. Given V0, V1 P TM , W0,W1 P TN , F P C8pM,Nq, Wi is F -related

to Vi, i “ 0, 1 ñ rW0,W1s is F -related to rV0, V1s

Corollary 3.12 (Naturality of Lie bracket). Given any F P DiffpM,Nq, V P TM,W P

TM , we have rF˚V, F˚W s “ F˚rV,W s

The rest of Proposition 3.7 is easy to check if it is viewed as a mapping

C8pMq Ñ C8pMq.
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3.2 Lie Algebra of a Lie Group

Definition 3.13. A Lie algebra g is R-linear space g with map r´,´s : g ˆ g Ñ g

s.t. it is bilinear, anti-symmetric and satisfies the Jacobian identity.

Then pTM, r´,´sq is an infinite dimensional Lie algebra.

For G Lie group, @g P G we have diffeomorphism

lg : G Ñ G, h ÞÑ gh

rg : G Ñ G, h ÞÑ hg

We say X P TG is left invariant if lg˚pXq “ X , @g P G. Similarly, X is right

invariant if rg˚pXq “ X .

Proposition 3.14. X,Y are left/right invariant ñ rX,Y s is left/right invariant.

Proof. lg˚rX,Y s “ rlg˚X, l
g
˚Y s “ rX,Y s

So we can find a natural Lie algebra of G:

LiepGq :“ tleft invariant vector fields on Gu,with r´,´s restricted from TG

Theorem 3.15. Given any V P TeG, D unique left invariant pV P TG s.t. pVe “ V .

Corollary 3.16. LiepGq – TeG as vector spaces.

Proof of Theorem 3.15.

Uniqueness of pV : pVg “ lge,˚ppVeq “ lge,˚pV q. So pV is determined by V .

Existence of pV : Let pV “ tpVgugPG where pVg “ lge,˚ppVeq.
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pV is left-invariant because

plh˚ppV qqg “ lhh´1g,˚ppVh´1gq “ lhh´1g,˚plh
´1g
e,˚ pV qq “ lge,˚pV q “ pVg

pV is smooth: Take any f P C8pGq suffices to show pV pfq P C8pGq.

Take any smooth γ : R Ñ G s.t. γp0q “ e, γ1p0q “ V . Then lg ˝ γ : R Ñ G

satisfies lg ˝ γp0q “ g, plg ˝ γqp0q “ g, plg ˝ γq1p0q “ lge,˚pV q “ pVg

So

pV pfqpgq “ pVgpfq “
d

dt
fplg ˝ γptqq|t“0 “

d

dt
fpg ¨ γptqq|t“0 (3.1)

Consider the map

pf : G ˆ R idˆγ
ÝÝÝÑ G ˆ G

¨
ÝÑ G

f
ÝÝÑ R

pg, tq ÞÑ pg, γptqq ÞÑ g ¨ γptq ÞÑ fpg ¨ γptqq

Then pf is smooth,
B pf

Bt
|t“0 : G Ñ R is smooth, but

Bf

Bt
|t“0pgq “ pV pfqpgq by 3.1. So

pV pfq P C8pGq.

Example 3.17. G “ GLpn,Rq “ tA P MnpRq| detA ‰ 0u Ă MnpRq – R2.

glpn,Rq“ LiepGLpn,Rqq “ TIGLpn,Rq “ MnpRq

Theorem 3.18. @A,B P glpn,Rq “ MnpRq, rA,Bs “ AB ´ BA.

Remark 3.19. This theorem shows that the Lie bracket viewed as the Lie algebra

and matrix are the same. In some sense, it means the Lie bracket defined in three

sets glpn,Rq “ TIGLpn,Rq “ MnpRq can commute with those corresponding, or

equivalently, are just the same.

Lemma 3.20. @A P glpn,Rq, the left invariant vector field pA is complete and generate

the flow φt : GLpn,Rq Ñ GLpn,Rq, φtpgq “ geAt “ gpI ` At `
A2t2

2!
` ¨ ¨ ¨ q
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Proof.

pAg “ g ¨ A P TgG “ MnpRq

B

Bt
φtpgq “

B

Bt
pgpeAtqq “ geAtA “ pAg¨eAt “ pAφtpgq

Remark 3.21. This lemma tells how to compute Apfq “ pApfqpIq as a tangent vec-

tor or a vector field, as we will see in the next proof.

Proof of Theorem 3.18. Take A,B P glpn,Rq. Want to show r pA, pBsI “ AB ´ BA.

Pick f P C8
I pGq, need to show Ap pBpfqq ´ Bp pApfqq “ pAB ´ BAqpfq

Further Simplification: Just need to focus on f “ xij , where xij : GLpn,Rq Ñ

R, E ÞÑ pE ´ Iqij . Actually, Bxij is what we choose as a basis of TIGLpn,Rq.

Such f satisfies fpI ` ´q is R-linear.

Recall that Given W P TM , W pfqppq “
d

dt
fpφWt ppqq|t“0.

So pBpfqpgq “
d

dt
fpgeBtq|t“0.

So since Ap pBpfqq “ pApp pBqpfqqpIq “
d

ds
p pBpfqpeAsqq|s“0,

Ap pBpfqq “
d

ds
p pBpfqpeAsqq|s“0 “

d2

dsdt
fpI`sA`tB`

s2

2
A2`stAB`

t2

2
B2`¨ ¨ ¨ q|s“t“0

Similarly,

Bp pApfqq “
d2

dsdt
fpI ` sA ` tB `

s2

2
A2 ` stBA `

t2

2
B2 ` ¨ ¨ ¨ q|s“t“0

SoAp pBpfqq´Bp pApfqq “ fpI`pAB´BAqq “ pAB´BAqpfq since f is R-linear.

Similarly, for G “ GLpn,Cq,LiepGq “ glpn,Cq “ MnpCq, we have rA,Bs “

AB ´ BA.

Actually, we have those properties of Lie group and Lie algebra.
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• Any simply connected Lie group are determined by its Lie algebra.

• Given any connected Lie groupG, its universal cover pG is simply-connected

with π´1pGq Ă Zp pGq.

What is the meaning of Lie bracket. There is a fact about it:

Fact 3.22. G is connected Lie group. G is abelian iff r´,´s “ 0 on LiepGq

3.3 Morphisms between Lie group and Lie algebras

A smooth map F : G Ñ H between two Lie group is called a morphism if

F pghq “ F pgqF phq.

A linear map L : g Ñ h between Lie algebra is called a morphism if Lru, vs “

rLu,Lvs.

Proposition 3.23. Let F : G Ñ H be a morphism of Lie groups. Then Fe,˚ : LiepGq Ñ

LiepHq is a morphism of Lie algebra.

Proof. V0, V1 P LiepGq “ TeG, Wi “ Fe,˚pViq P LiepHq “ TeH . Let pV ,xW be left-

invariant vector fields.

Claim. xWi is F -compatible with pVi for i “ 0, 1.

Proof of Claim. @g P G, F˚ppVgq “ F˚plg˚pV qq “ pF ˝ lgq˚pV q “ plF pgq ˝ F q˚pV q “

lF pgqpW q “ xWF pgq

So rxW0,xW1s is F -compatible with rpV0, pV1s. In particular, rW0,W1s “ F˚prV0, V1sq.
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4 Vector Field

4.1 Canonical form of a Field

Recall that V P TM , p P M is called a regular point if Vp ‰ 0, and is called a

singular point if Vp “ 0.

Theorem 4.1 (Canonical Form Theorem). Let p be a regular point of V . Then D local

chart pU, x1, ¨ ¨ ¨ , xnq around p s.t. V |U “ Bx1

Proof. This is a local problem. We may assume M Ă Rn open. We may also

assume p “ 0, V0 “ Br1|0 where ri coordinate function.

Let φ : p´ε, εq ˆ p´ε, εqn Ñ M be the local flow of V .

Define ψ : p´ε, εqn Ñ M by ψpt, r2, ¨ ¨ ¨ , rnq “ φpt, p0, r2, ¨ ¨ ¨ , rnqq. Then

ψp´, r2, ¨ ¨ ¨ , rnq is an integral curve for V . Therefore, ψ˚pBtq “ V .

At 0⃗, we have ψ0⃗,˚pBtq “ V0⃗ “ Br1, ψ0⃗,˚pBriq “ Bri.

So ψ˚,⃗0 : T0⃗p´ε, εqn Ñ T0⃗M is an isomorphism.

By the inverse function theorem, DU 1 Ă p´ε, εqn, U Ă M s.t. ψ|U 1 : U 1 Ñ U is

a diffeomorphism.

Then pU, pψ|U 1q´1q is the local chart what we need.

Remark 4.2. Regular point in a vector field is simple, as we can view it in the

standard chart locally. However, behavior of V art a singular point can be com-

plicated. For example, for fpx, yq “ x2 ´ y2, ∇f “ 2xBx´ 2yBy, g : C Ñ C, z ÞÑ zn,

they behave differently at 0⃗.

4.2 Lie Derivative of Vector Field

V,W P TM , LVW is the directional derivative of W in the direction of V .
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Definition 4.3. The Lie derivative LVW P TM is defined as follows: @p P M , let

tθt : U Ñ MutPp´ε,εq be the local flow for V . Then

pLVW qp “ lim
tÑ0

pθ´tq˚Wθtppq ´ Wp

t

Remark 4.4. This defintion is actually a difference between Tθtppq and Tp, which

need pullback.

Lemma 4.5. LVW is well-defined and smooth.

Proof. For p P M , take local chart pU, x1, ¨ ¨ ¨ , xnq. Let θ : p´ε, εq ˆ U Ñ M be the

flow of V . Take J0 Ă p´ε, εq, U0 Ă U . Let θi “ xi˝θ : J0ˆU0 Ñ R, W |U “

n
ÿ

i“1

W iBxi.

Under the basis tBxiu, pθ´tq˚ : TθtppqM Ñ TpM is represented by

ˆ

Bθip´t, θpt, xqq

Bxj

˙

i,j

So pθ´tq˚Wθtpxq “
ÿ

i,j

Bθip´t, θpt, xqq

Bxj
W jpθpt, xqq ¨ Bxi is smooth in t, x. So

pLVW qx “
Bppθ´tq˚pWθtpxqqq

Bt
|t“0

is well-defined and smooth.

Theorem 4.6. For all V,W P TM , LVW “ rV,W s.

Proof. For p is a regular point of V . By canonical form theorem 4.1, D local chart

pU, x1, ¨ ¨ ¨ , xnq around p s.t. V |U “ Bx1. Let W |U “

n
ÿ

i“1

W iBxi.

Then θtpx1, ¨ ¨ ¨ , xnq “ px1 ` t, x2, ¨ ¨ ¨ , xnq. So

LVW |U “
ÿ

i

BW i

Bx1
¨ Bxi
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.

rV,W s|U “
ÿ

i

V pW iqBxi ´
ÿ

i

W pV iqBxi “
ÿ

i

BW i

Bx1
¨ Bxi

Then rV,W s|U “ LVW .

For p is a singular point but p P SupppV q. Then D pi Ñ p s.t. Vp ‰ 0. By the

previous case pLVW qpi “ rV,W s|pi . By continuity, We have pLVW qp “ rV,W sp.

For p R SupppV q, D Nbd U of p s.t. V |U “ 0. Then θtpqq “ q. So

pLVW q|U “ 0 “ rV,W s|U

Corollary 4.7.

• LVW is R-linear with respect to V,W .

• LVW “ ´LWV .

• (Jacobian identity) LV rW,Xs “ rLVW,Xs ` rW,LVXs.

• (Jacobian identity) LrV,W sX “ LVLWX ´ LWLVX .

• LV pfW q “ pV fq ¨ W ` fLVW

• Let F :M Ñ N be a diffeomorphism. Then F˚pLVW q “ LF˚pV qF˚pW q.

4.3 Commuting Vector Fields

Definition 4.8. We say V,W P TM commutes if rV,W s “ 0.

Theorem 4.9. TFAE:

1 V,W commutes.
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2 W is invariant under the flow generated by V , i.e. θt,˚pWpq “ Wθtppq

3 The flow for V,W commutes, i.e. θt ˝ ηs “ ηs ˝ θt whenever either side is defined

or equivalently, whose the domain is compatible.

Lemma 4.10. Given F P C8pM,Nq, V P TM,W P TN . Then W is F -related to V if

and only if @t P R, ηt ˝ F “ F ˝ θt on the domain of θt, which means

M N

M N

F

θt ηt

F

commutes.

Proof. "ñ" Let γ “ F ˝ θp : J Ñ N satisfies

γ1ptq “ pF ˝ θpq1ptq “ F˚ppθpq1ptqq “ F˚pVθpptqq “ WF pθpptqq “ Wγptq

So γ is an inetgral curve of W starting at γp0q “ F ppq i.e. F ˝ θp “ γptq “ ηF ppqptq

i.e. F ˝ θt “ η ˝ F .

"ð" Suppose F ˝ θt “ η ˝ F . Then pF ˝ θpqptq “ ηF ppqptq.

Then F˚Vp “ F˚ppθpq1p0qq “ pF ˝θpq1p0q “ pηF ppqq1p0q “ WF ppq. SoW is F -related

to V .

Proof of Theorem 4.9. 2 ñ 1: pθ´tq˚pWθtppqq “ Wp. So

LVW “ lim
tÑ0

pθ´tq˚pWθtppqq ´ Wp

t
“ 0

1 ñ 2: Let Xptq “ pθ´tq˚pWθtppqq, p P M .

Want to show that Xptq “ Xp for all t. Suffices to show
d

dt
|t“t0Xptq “ 0.

For t0 “ 0,
d

dt
|t“0Xptq “ pLVW qp “ 0.

In general, set s “ t ´ t0, Xptq “ pθ´t0q˚ ˝ pθ´sq˚pWθspθt0 ppqqq. Then

d

dt
|t“t0Xptq “

d

ds
|sXps ` t0q
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“
d

ds
|spθ´t0q˚ ˝ pθ´sq˚pWθspθt0 ppqqq

“ pθt0q˚

d

ds
|s“0pθ´sq˚pWθspθt0 ppqqq

“ pθt0q˚pLVW qθt0 ppq

“ 0

2 ñ 3. For simplicity, assume V,W are complete. F “ θs :M Ñ M . By 2, W is

F -related to W . So by the lemma,

M M

M M

F

θt ηt

F

commutes.

ηt is flow for W . i.e. θs ˝ ηt “ η ˝ θs

3 ñ 2 is similar. The diagram commutes, so W is F -related to W .

4.3.1 Canonical Form of Commuting Vector Field

Theorem 4.11. Given V1, ¨ ¨ ¨ , Vk P TM , s.t.

1) rVi, Vjs “ 0, @i, j.

2) V1,p, V2,p, ¨ ¨ ¨ , Vk,p linearly independent at some p P M

Then D local chart pU, x1, ¨ ¨ ¨ , xnq around p s.t. Vi|U “
B

Bxi
, @1 ď i ď k

We prove it using the inverse function theorem.

Proof. This is a local problem. So we may assume M Ă Rm be open with coordi-

nate function ri :M Ñ R, 1 ď i ď m.

After translation and linear transformation, we may assume p “ 0⃗, Vi,⃗0 “

B

Bxi

ˇ

ˇ

ˇ

ˇ

0⃗

, 1 ď i ď k.

Take local flow tθit : p´ε, εqm Ñ MutPp´ε,εq for Vi.
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Define ψ : p´ε, εqk ˆ p´ε, εqm´k Ñ M , ψpt1, ¨ ¨ ¨ , tk, rk`1, ¨ ¨ ¨ , rmq “ θ1t1 ˝ θ2t2 ¨ ¨ ¨ ˝

θktkp0, 0, ¨ ¨ ¨ , 0, rk`1, ¨ ¨ ¨ , rmq, where θi commutes with each other.

So if we fix tj, j ‰ i except ti, ψpt1, ¨ ¨ ¨ , ti´1,´, ti`1, ¨ ¨ ¨ , tk, rk`1, ¨ ¨ ¨ , rmq is an

integral curve for V i. Then V i is ψ-related to Bti.

On the other hand. ψp0, 0, ¨ ¨ ¨ , 0, rk`1, ¨ ¨ ¨ , rmq “ p0, 0, ¨ ¨ ¨ , 0, rk`1, ¨ ¨ ¨ , rmq. So

ψ0⃗,˚ : T0⃗,˚ : T0⃗p´ε1, ε1qm Ñ T0⃗M, Bti ÞÑ Vi,0 “ Bxi|0 and Bri ÞÑ Bri, k ` 1 ď i ď m.

So ψ0⃗,˚ is an isomorphism.

By the inverse function theorem, there exists Nbh U 1 Ă p´ε1, ε1qm s.t. ψ : U 1 Ñ

U is a diffeomorphism and U Ă M open.

Then pU, pψ|Uq´1q is the local chart we need.

4.4 The Constant Rank Theorem

F P C8pM,Nq, p P M . The rank of F at p is

rankpF :“ rankpFp,˚ : TpM Ñ TF ppqNq

“ rank

ˆ

BF ippq

Bxj

˙

i,j

We say F has constant rank k near p if D Nbh U of p s.t. rankqF “ k, @q P U

Proposition 4.12.

rankqpF q ď minpdimpMq, dimpNqq

Theorem 4.13 (The constant rank theorem). Suppose F : M Ñ N has constant rank

k near p P M , then D local charts U φ
ÝÝÑ

–
Rm around p, V ψ

ÝÝÑ
–

Rn around F ppq s.t.

ψ ˝ F ˝ φ´1 : Rm Ñ Rn is given by px1, ¨ ¨ ¨ , xmq ÞÑ px1, ¨ ¨ ¨ , xk, 0, ¨ ¨ ¨ , 0q

Proof. This is a local problem. So we may assume M “ Rm, N “ Rn by restricting
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to local charts. And p “ 0, F ppq “ 0. After changing orders of coordinates, may

assume
ˆ

BF i

Bxj
p0q

˙

1ďi,jďk

is invertible. Write Rm “ Rk ˆ Rm´k,Rn “ Rk ˆ Rn´k.

Then F px, yq “ pQpx, yq, Rpx, yqq. Consider φ : Rm Ñ Rm, px, yq ÞÑ pQpx, yq, yq.

Then

φp0,0q,˚ “

»

—

—

—

—

—

–

BQi

Bxj
p0q 0

BQi

Byj
p0q Im´k

fi

ffi

ffi

ffi

ffi

ffi

fl

(4.1)

is invertible.

By inverse function theorem, D Nbh U0 Ă Rm, rU0 Ă Rm of 0 s.t. φ : U0 Ñ rU0 is

a diffeomorphism.

rU0

φ´1

ÝÝáâÝÝ
φ

U0
F
ÝÑ Rn

pQpx, yq, yq Ð [ px, yq ÞÑ pQpx, yq, Rpx, yqq

So F ˝ φ´1 : rUi Ñ Rn, px, yq ÞÑ px,Apx, yqq. And

pF ˝ φ´1qp,˚ “

»

—

—

—

—

–

Ik 0

BA

Bx
ppq

BA

By
ppq

fi

ffi

ffi

ffi

ffi

fl

(4.2)

Since rankpF ˝ φ´1q is k,
BA

By
ppq “ 0. i.e. Apx, yq “ Apxq.

We can find a map ψ : px, yq ÞÑ px, y ´Apxqq in a smaller neighborhood of 0 by

the inverse theorem similarly.

And ψ ˝ F ˝ φ maps px, yq to px, 0q. So we end the proof.

Definition 4.14. F P C8pM,Nq.
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We say F is submersion if Fp,˚ is surjective @p P M .

We say F is immersion if Fp,˚ is injective @p P M .

We say F is embedding if F is immersion and F is a topological embed-

ding.(i.e. F :M Ñ F pMq is a homeomorphism)

If F is embedding(immersion resp.), we say M or F pMq is an embedded sub-

manifold(immersed submanifold, resp.) of N .

Denote M í N be the immersion. M ãÑ N be the embedding.

Example 4.15.

• There is an example F : S1 Ñ R2 where F is an immersion but not an

embedding.

• Projection M ˆ N Ñ M is a submersion.

• E
p
ÝÑ B is a smooth vector bundle, then p is a submersion.

• γ : R Ñ M is an immersion ô γ1ptq ‰ 0, @t.

• There is an example γ : R Ñ R2 is injective immersion but not an embedding

• γ : R Ñ T2 “ R{Z ˆ R{Z, x ÞÑ px, cxq, c R Q is injective immersion but not

embedding.

Definition 4.16. For F : X Ñ Y , we say F is proper if for any compact setK Ă N ,

F´1pKq is compact.

Lemma 4.17. X is compact, Y Hausdorff, then F : X Ñ Y is proper.

Proposition 4.18. F P C8pM,Nq is an injective immersion, and F is proper. Then F

is an embedding.

Proof. F :M Ñ F pMq is a closed map.
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Definition 4.19. For F P C8pM,Nq.

p P M is called regular point if Fp,˚ : TpM Ñ TF ppqN is surjective.

p P M is called critical point if Fp,˚ : TpM Ñ TF ppqN is not surjective.

q P N is called regular value if @p P F´1pqq, p is a regular point.

q P N is called critical value(or singular value) if Dp P F´1pqq, p is a critical

point.

Theorem 4.20 (Sard). Singular value has measure 0.

Proof. We will not prove it in this lecture.

Theorem 4.21. M is an embedded submanifold of N if and only if @p P M Ă N , D local

chart pU, x1, ¨ ¨ ¨ , xnq around p of N s.t. M X U “ tpx1, ¨ ¨ ¨ , xm, 0, ¨ ¨ ¨ , 0qu

Proof. "ñ": F : M Ñ N is embedding ñ F has constant rank m. Apply constant

rank theorem near p, and we finish the proof of "ñ"

The converse is trivial.

Theorem 4.22. F P C8pM,Nq, q is a regular value of F . Then F´1pqq is an embedded

submanifold of M . And

@p P F´1pqq, TpF
´1pqq “ kerpFp,˚ : TpM Ñ TF ppqNq

Proof. q is regular value ñ rankpF “ n, @p P F´1pqq.

ñ rankp1F “ n, @p1 near p, since we know the rank of p1 near p should not be

less than that of p

So by the constant rank theorem, F´1pqq is a submanifold near p.
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Denote

sopnq “ opnq “ tA P MnpRq|A ` AT “ 0u

upnq “ tA P MnpCq|A ` A˚ “ 0u

supnq “ tA P upnq|trA “ 0u

slpn,Rq “ tA P MnpRq|trA “ 0u

slpn,Cq “ tA P MnpCq|trA “ 0u

Theorem 4.23. Those above sets are the Lie algebra of the corresponding Lie group. For

instance, supnq “ LiepSUpnqq.

5 Differential forms

5.1 Introduction

Our goal is to define the integration
ż

M

α s.t.

• Works for any smooth manifold M , without embedding M into Rn

• Generalize two types of surface integral, i.e.
ş

Σ
fdS and

ş

Σ
fdx ^ dy

For Cartan’s idea, α is a "differential k-form" on M s.t.

• @F P C8pN,Mq, F ˚pαq is a k-form on N

• If k “ dimM , then
ş

M
α P R
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5.2 Alternating Vector Linear Algebra

For V1, ¨ ¨ ¨ , Vn,W be R-vector spaces, f : V1 ˆ ¨ ¨ ¨ ˆ Vn Ñ W is called multi

R-linear if

fpv1, ¨ ¨ ¨ , vi´1, avi ` bv1
i, vi`1, ¨ ¨ ¨ , vnq “ afpv1, ¨ ¨ ¨ , vi´1, vi, vi`1, ¨ ¨ ¨ , vnq

` bfpv1, ¨ ¨ ¨ , vi´1, v
1
i, vi`1, ¨ ¨ ¨ , vnq

(5.1)

Example 5.1.

• Inner product Rn ˆ Rn ¨
ÝÑ R.

• Matrix multiplication MnˆmpRq ˆ MmˆkpRq Ñ MnˆkpRq.

• Cross product R3 ˆ R3 ˆ
ÝÑ R3.

• Bilinear form.

We hope that we can construct a vector space V1 b ¨ ¨ ¨ b Vn s.t. we have

canonical isomorphism:

tmulti R-linear maps V1 ˆ ¨ ¨ ¨ ˆVn Ñ W u – tlinear map V1 b ¨ ¨ ¨ bVn Ñ W u (5.2)

Then we can transform the study of multilinear algebra into the study of the nor-

mal linear algebra.

For any set S, let

R ⟨S⟩ “

#

formal linear combination
n
ÿ

i“1

aisi|ai P R, si P S, n ă 8

+

(5.3)
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Consider R ⟨V1 ˆ ¨ ¨ ¨ ˆ Vn⟩ “

#

k
ÿ

i“1

aipVi,1, ¨ ¨ ¨ , Vi,nq|ai P R, vi,j P Vj

+

. Denote

W “ Spantp¨ ¨ ¨ , avi ` bv1
i, ¨ ¨ ¨ q ´ ap¨ ¨ ¨ , vi, ¨ ¨ ¨ q ´ bp¨ ¨ ¨ , v1

i, ¨ ¨ ¨ q|a, b P R, vi, v1
i P Viu

(5.4)

Define V1b¨ ¨ ¨bVn“ R ⟨V1 ˆ ¨ ¨ ¨ ˆ Vn⟩ {W , write rpv1, ¨ ¨ ¨ , vnqs as v1b¨ ¨ ¨bvn, called

a n-tensor.

Proposition 5.2 (Universal Property). We have a multi R-linear map q : V1 ˆ ¨ ¨ ¨ ˆ

Vn Ñ V1 b ¨ ¨ ¨ b Vn, pv1, v2, ¨ ¨ ¨ , vnq ÞÑ v1 b v2 b ¨ ¨ ¨ b vn. It satisfies the universal

property:

@ multi R-linear map f : V1ˆ¨ ¨ ¨ˆVn Ñ W , D unique linear map rf : V1b¨ ¨ ¨bVn Ñ

W s.t. rf ˝ q “ f . i.e. The diagram commutes:

V1 b ¨ ¨ ¨ b Vn

V1 ˆ ¨ ¨ ¨ ˆ Vn W

D! rfρ

f

Corollary 5.3.

tmulti R-linear maps V1 ˆ ¨ ¨ ¨ ˆ Vn Ñ W u – tlinear map V1 b ¨ ¨ ¨ b Vn Ñ W u

f Ø rf
(5.5)

Proposition 5.4.

• Any element in V1 b ¨ ¨ ¨ b Vn can be written as
ÿ

aiv
1
i b ¨ ¨ ¨ b vni for some ai P R.

• If peji qjPAi
is a basis for Vi, then tej11 bej22 b¨ ¨ ¨bejnn |ji P Aiu is a basis of V1b¨ ¨ ¨bVn.

• dimpV1 b ¨ ¨ ¨ b Vnq “

n
ź

i“1

dimpViq
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Proposition 5.5. Denote W ˚ “ HompW,Rq, then we have an injection

V b W ˚ e
ÝÑ HompW,V q

v b f ÞÑ pw ÞÑ fpwq ¨ vq

(5.6)

If dimV or dimW is finite, then e is an isomorphism.

Indeed, if dimV “ 8, then idV R epV b V ˚q

Given any li P HompVi,Wiq, 1 ď i ď n, we define

l1 b ¨ ¨ ¨ b ln P HompV1 b ¨ ¨ ¨ b Vn,W1 b ¨ ¨ ¨Wnq

pl1 b ¨ ¨ ¨ b lnqpv1 b ¨ ¨ ¨ b vnq “ l1pv1q b ¨ ¨ ¨ b lnpvnq

(5.7)

Proposition 5.6. If dimVi ă 8, @1 ď i ď n, then we have isomorphism

V ˚
1 b ¨ ¨ ¨ b V ˚

n
–
ÝÑ pV1 b ¨ ¨ ¨ b Vnq˚

f1 b ¨ ¨ ¨ b fn ÞÑ

˜

pv1 b ¨ ¨ ¨ b vn ÞÑ

n
ź

i“1

fipviqq

¸ (5.8)

For
â

n

V “ V b ¨ ¨ ¨ b V
loooooomoooooon

n

, Sn “ tbijection on t1, 2, ¨ ¨ ¨ , nuu acts on
Â

n

V , where

σ ¨ pv1 b ¨ ¨ ¨ b vnq “ vσp1q b ¨ ¨ ¨ b vσpnq (5.9)

A tensor T P
Â

n

V is called symmetric if σpT q “ T, @σ P Sn.

T is called anti-symmetric if σpT q “ sgnpσq ¨ T, @σ P Sn.

Define
SymnpV q “ tsymmetric tensors in

â

n

V u

ľ

npV q “ tanti-symmetric tensors in
â

n

V u

(5.10)
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which are both in
Â

n

V . And

dimpSymnpV qq “

ˆ

dimpV q ` n ´ 1

n

˙

dimp
ľ

nV q “

ˆ

dimpV q

n

˙

(5.11)

From now on, we may assume dimV ă 8. Define

LnpV q “

˜

â

n

V

¸˚

–
â

n

V ˚ – tmulti R-linear maps V1 ˆ ¨ ¨ ¨ ˆ V Ñ Ru (5.12)

And by the assumption we can obtain

SymnpV ˚q – tsymmetric multi R-linear maps l : V ˆ ¨ ¨ ¨ ˆ V Ñ Ru

ľ

npV ˚q – tanti-symmetric multi R-linear maps l : V ˆ ¨ ¨ ¨ ˆ V Ñ Ru

(5.13)

We will mainly focus on
Źn

pV ˚q, also denoted as AltkpV q“
Źn

pV ˚q. An element

in AltkpV q is called a (linear) k-form on V Now for V “ R ⟨e1, ¨ ¨ ¨ , en⟩, V ˚ “

R ⟨e˚
1 , ¨ ¨ ¨ , e˚

n⟩. Then

L2pV q “ tall bilinear forms on V u

L2pV q – Sym2pV ˚q ‘
ľ

2pV ˚q

And Sym2pV ˚q “ R
⟨
e˚
i b e˚

j ` e˚
j b e˚

i |1 ď i ď i ď n
⟩

is symmetric bilinear form

Alt2pV q “
Ź2

pV ˚q “ R
⟨
e˚
i b e˚

j ´ e˚
j b e˚

i |1 ď i ď i ď n
⟩

is anti-symmetric bi-

linear form.

The determinant det P AltnpRnq.

Definition 5.7 (Exterior product).

ľ

: AltkpV q ˆ AltlpV q Ñ Altk`lpV q
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ω1 ^ ω2pv1, ¨ ¨ ¨ , vk`lq “
1

k!l!

ÿ

σPSk`l

sgnpσqω1pvσp1q, ¨ ¨ ¨ , vσpkqqω2pvσpk`1q, ¨ ¨ ¨ , vσpk`lqq

“
ÿ

σPSk,l

sgnpσqω1pvσp1q, ¨ ¨ ¨ , vσpkqqω2pvσpk`1q, ¨ ¨ ¨ , vσpk`lqq

where Sk,l “ tσ P Sk`l|σp1q ă ¨ ¨ ¨ ă σpkq, σpk ` 1q ă ¨ ¨ ¨ ă σpk ` lqu Ă Sk`l.

Then we have those properties:

Proposition 5.8.

(1) ω1 ^ ω2 “ p´1q|ω1|¨|ω2|ω2 ^ ω1, |ω| “ k is ω P AltkpV q. In particular, ω ^ ω “ 0 if

|ω| is odd.

(2) pω1 ^ ω2q ^ w3 “ ω1 ^ pω2 ^ ω3q

(3) Given any ω1, ¨ ¨ ¨ , ωk P Alt1pV q “ V ˚, v1, ¨ ¨ ¨ , vk P V . Then

pω1 ^ ¨ ¨ ¨ ^ ωkqpv1, ¨ ¨ ¨ , vkq “ det rwipvjqsi,j (5.14)

Moreover, ω1 ^ ¨ ¨ ¨ ^ ωn ‰ 0 iff ωi are linearly independent.

(4) V “ R ⟨e1, ¨ ¨ ¨ , en⟩. Then

AltkpV q “ R
⟨
e˚
i1

^ ¨ ¨ ¨ ^ e˚
ik

|i1 ă ¨ ¨ ¨ ă ik
⟩

(5.15)

In particular, AltnpV q “ R ⟨e˚
1 ^ ¨ ¨ ¨ ^ e˚

n⟩. And we denote Alt0pV q “ R,

AltkpV q “ 0, k ą n.

(5) Any f P HompV,W q induces Altkpfq P HompAltkpV q,AltkpW qq, where

Altkpfqpωqpw1, ¨ ¨ ¨ , wkq “ ωpfpw1q, ¨ ¨ ¨ , fpwkqq (5.16)
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We have Altkpf ˝ gq “ Altkpgq ˝ Altkpfq, AltkpidV q “ idAltkpV q. Such Altkp´q is

called a contravariant functor.

Proof.

(1) By definition,

ω1 ^ ω2pv1, ¨ ¨ ¨ , vk`lq “ ω2 ^ ω1pvσp1q, ¨ ¨ ¨ , vσpk`lqq

where σpiq “

$

’

’

&

’

’

%

i ` k 1 ď i ď l

i ´ l l ` 1 ď i ď k ` l

. sgnpσq “ p´1qk`l.

(2) By definition.

(3) By linearity, we assume ωi “ e˚
apiq, vj “ ebpjq for some apiq, bpjq. Further more,

can assume tapiqu “ tbpiqu. (Otherwise, LHS “ RHS “ 0.)

Then e˚
apiqpebpjqq “ δapiq,bpjq. After permutation, may assume apiq “ bpiq, @i. It

is direct to check LHS “ 1 “ RHS.

(4) If ω1, ¨ ¨ ¨ , ωk are linear independent. Then D basis e˚
1 , ¨ ¨ ¨ , e˚

n of V ˚, basis

e1, ¨ ¨ ¨ , en of V s.t. ωi “ e˚
i , @1 ď i ď n.

pω1 ^ ¨ ¨ ¨ ^ ωnqpe1, ¨ ¨ ¨ , enq “ detpIq “ 1 ‰ 0 ñ ω1 ^ ¨ ¨ ¨ ^ ωn ‰ 0

If ω1, ¨ ¨ ¨ , ωk are linearly dependent. WLOG, we assume ωk “

k´1
ÿ

i“1

aiωi.

pω1 ^ ¨ ¨ ¨ ^ ωkqpe1, ¨ ¨ ¨ , enq “

k´1
ÿ

i“1

aipω1 ^ ¨ ¨ ¨ ^ ωk´1 ^ ωiqpe1, ¨ ¨ ¨ , enq “ 0
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(5) For i1 ă ¨ ¨ ¨ ă ik, j1 ă ¨ ¨ ¨ ă jn we have

pe˚
i1

^ ¨ ¨ ¨ ^ e˚
ik

qpej1 , ¨ ¨ ¨ , ejkq “

$

’

’

&

’

’

%

1 jt “ it, @1 ď t ď k

0 otherwise
(5.17)

Since dimAltpV q “ dim
Źk

pV ˚q “

ˆ

n

k

˙

“ |tei1 ^ ¨ ¨ ¨ ^ eik |i1 ă ¨ ¨ ¨ ă iku|.

(6) For ω P AltkpW q, f P HompV,W q, define Altkpfqpωq P AltkpV q by

AltkpfqpωpV1, ¨ ¨ ¨ , Vkqq “ ωpf˚V1, ¨ ¨ ¨ , f˚Vkq P R

Definition 5.9.

An R-algebra consists of an R-vector space A with a bilinear map µ : AˆA Ñ

A that is associate, i.e. µpa, µpb, cqq “ µpµpa, bq, cq.

Say A is unitary if D1 P A s.t. µpa, 1q “ µp1, aq “ a, @a P A

Say A is graded if A “
à

kPZ
Ak as vector space, and µpAk ˆAlq Ă Ak`l. Elements

in Ak are called homogeneous elements of degree k.

If A is graded R-algebra, we say A is anticommutative if µpa, bq “

p´1qk`lµpb, aq, @a P Ak, b P Al. And say A is commutative if µpa, bq “ µpb, aq, @a, b.

If A is graded R-algebra, say A is connected if D unit 1 P A0 s.t. the map

ε : R Ñ A0, r ÞÑ r ¨ 1 is an isomorphism.

Given vector space V , let

AltkpV q
À

kě0 Alt
kpV q

Alt˚pV ˚q
À

kě0 ^kpV ˚q
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By Proposition 5.8, we have the theorem

Theorem 5.10. pAlt˚pV q,^q is a graded connected anticommutative R-algebra, called

the exterior algebra of V or exterior algebra of V

5.3 Operation on Vector Bundles

Given Rn ãÑ E
π
ÝÑ M , meaning a vector bundle E

π
ÝÑ M of dimension n,

local trivialization
!

Uα, φα : π´1pUαq
–
ÝÑ Uα ˆ Rn

)

αPA
. By shrinking Uα, we may

assume we have an smooth atlas
!

φα : Uα
–
ÝÑ Rm

)

αPA
.

For x P M , use Ex to denote π´1pxq, fiber over x, which is a vector space of

dimension n.

Then Dual bundle of a vector bundle Rn ãÑ E
π
ÝÑ M is

E˚ :“ tpx, lq|x P M, l P pExq˚u , π1 : E˚ Ñ M, px, lq ÞÑ x, pπ1q´1pxq “ pExq˚ (5.18)

Define topology or smooth structure on E˚ s.t. π1 : E˚ Ñ M is a smooth vector

bundle.

For α P A, let E˚
α “ π1´1

pUαq, we have a bijection

rφα : E˚
α Rm ˆ pRnq˚ Rm`n

px, lq pψαpxq, pφα,xq´1plqq

bijection –

We can check that

(1) trφ´1
α |α P A, V Ă Rm`n openu is a basis, we use it to generate a topology on

E˚.

(2) Use rφα : E˚
α

–
ÝÑ Rm`n, α P A as an atlas to give E˚ a smooth structure.
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(3) E˚ π1

ÝÑ M is a smooth vector bundle, called the dual vector bundle of E π
ÝÑ

M , where

pE˚qx “ E˚
x

We can define other operations on vector bundles in similar way:

Given Rn ãÑ E
π
ÝÑ M , Rm ãÑ F

π
ÝÑ M , we can define

Rm`n ãÑ E ‘ F
π
ÝÑ M with pE ‘ F qx “ Ex ‘ Fx

Rmn ãÑ E b F
π
ÝÑ M with pE b F qx “ Ex b Fx

Rmn ãÑ HompE,F q
π
ÝÑ M withHompE,F qx “ HompEx, Fxq

Rpn
k
q ãÑ AltkpEq Ñ M with

AltkpEqx “ AltkpElq “ talternating k-linear l : Ex ˆ ¨ ¨ ¨ ˆ Ex Ñ Ru

Then AltkpTMq “
Źk

pT ˚Mq.

AltkpMqx “ talternating k-linear l : TxMˆ¨ ¨ ¨ˆTxM Ñ Ru “ tlinear k-form on TxMu

Define

ΓpEq :“ tsmooth sections of Eu “ ts P C8pM,Eq : π ˝ s “ idMu

Definition 5.11. Given smooth M , define a differential k-form on M to be an ele-

ment in ΓpAltkpTMqq is a differential k-form α assigns each x P M a linear k-form

αpxq P AltkpTxMq.

Denote ΩkpMq be the set of all the differential k-forms.
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Then Ω0pMq “ C8pM,Rq. Alt1pTMq “ T ˚M ñ a 1-form on M is just a "cotan-

gent vector field" on M .

ΩkpMq “ 0 if k ě dimpMq.

5.4 Differential forms using local chart

Given local chart pU, x1, ¨ ¨ ¨ , xnq of M .

For any p P U , t B
Bxi

|pu1ďiďn is a basis of TxM .

We denote the dual basis of T ˚
xM by tdxi|pu1ďiďn.

For any α P Ω1pMq, α|U can be written as
n
ÿ

i“1

f1dx
i, where f i P C8pU,Rq.

Similarly, tdxi1 |1 ^ ¨ ¨ ¨ ^ dxik |p|i1 ă ¨ ¨ ¨ ă iku is a basis for
Źk

pT ˚
xMq, so @α P

ΩkpMq,

α|U “
ÿ

i1ă¨¨¨ăik

fi1,¨¨¨ ,ikdx
i1 ^ ¨ ¨ ¨ ^ dxik , fi1,¨¨¨ ,ik P C8pU,Rq

We give the notation that I “ pi1, ¨ ¨ ¨ , ikq, write fi1,¨¨¨ ,ikdxi1 ^¨ ¨ ¨^dxik as f IdxI .

Change of coordinate If pU, x1, ¨ ¨ ¨ , xnq and pV, y1, ¨ ¨ ¨ , ynq two charts of M and

p P U X V , then

dyi “
ÿ

1ďiďn

Byi
Bxi

dxi. (5.19)

5.5 Exterior Differential

For k “ 0, define d : Ω0pMq Ñ Ω1pMq as follows:

@p P M , Xp P TpM , df |ppXpq “ Xppfq P R. In local chart, df “

n
ÿ

i“1

Bf

Bxi
dxi.

Theorem 5.12. D linear operator d : ΩkpMq Ñ Ωk`1pMq s.t. For α P ΩkpMq,

α|U “
ÿ

I

f IdxI ñ dα|U “
ÿ

I

df I ^ dxI (5.20)
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Called the exterior differential

Proof. It suffices to prove that (5.20) is compatible for two charts

pU, x1, ¨ ¨ ¨ , xnq, pV, y1, ¨ ¨ ¨ , ynq, i.e. the diagram is commutative.

fdy1 ^ ¨ ¨ ¨ ^ dyk
ÿ

1ďi1,i2,¨¨¨ ,ikďn

f
Byi1

Bx1
¨ ¨ ¨

Byik

Bxk
dxi1 ^ ¨ ¨ ¨ ^ dxik ,

ÿ

1ďiďn

Bf

Byi
dyi ^ dyi1 ^ ¨ ¨ ¨ ^ dyik

ÿ

1ďi1,i2,¨¨¨ ,ikďn

Bf

Bxj
¨

Byi1

Bx1
¨ ¨ ¨

Byik

Bxk
dxj ^ dxi1 ^ ¨ ¨ ¨ ^ dxik

d
d?

?

Theorem 5.13.

(1) d2 “ 0.

(2) @α P ΩkpMq, β P ΩlpMq, dpα ^ βq “ dα ^ β ` p´1qkα ^ dβ.

Proof.

(1) If α|U “
ÿ

U

f IdxI . By linearity suffices to check

d ˝ dpfdxIq “ d

˜

ÿ

1ďiďn

Bf

Bxi
dxi ^ dxI

¸

“
ÿ

1ďiďn
1ďjďn

B2f

Bxi
dxj ^ dxi ^ dxI

“ 0

(2) By linearity, suffices to assume α “ fdxI , β “ gdxI .

dpα ^ βq “ dpfgdxI ^ xJq

“
ÿ

1ďiďn

Bpfgq

Bxi
dxI ^ dxJ

“
ÿ

1ďiďn

ˆ

f

Bxi
g ` f

Bg

Bxi

˙

dxi ^ dxI ^ dxJ
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And

dα ^ β “
ÿ

i

Bf

Bxi
gdxi ^ dxI ^ dxJ

α ^ dβ “
ÿ

i

Bg

Bxi
fdxI ^ dxi ^ dxJ “

ÿ

i

p´1qk
Bg

Bxi
fdxi ^ dxI ^ dxJ

Example 5.14. For M “ R3,
Ω0pR3q C8pR3q

Ω1pR3q TR3, fdx ` gdy ` hdz fBx ` gBy ` hBz

Ω2pR3q TR3, fdx ^ dy ` gdx ^ dz ` hdy ^ dz fBz ` gBx ` hBy

Ω3pR3q C8pR3q, fdx ^ dy ^ dz f

d gradient

d curl

d divergent

5.6 Pull Back of Differential Forms

For F P C8pM,Nq, α P ΩkpNq, define the pullback F ˚pαq P ΩkpMq as follows:

@p P M,V1 ¨ ¨ ¨ , Vk P TpM,F ˚pαq|ppV1, ¨ ¨ ¨ , Vkq “ α|F ppqpFp,˚pV1q, ¨ ¨ ¨ , Fp,˚pVkqq P R

Actually, F ˚|p “ AltkpFp,˚q : AltkpTF ppqNq Ñ AltkpTpMq.

Proposition 5.15. For F :M Ñ N , G : N Ñ L.

(1) f P Ω0pNq, F ˚pfq “ f ˝ F P Ω0pMq.

(2) F ˚pα ^ βq “ F ˚pαq ^ F ˚pβq.

(3) F ˚pdαq “ dF ˚pαq.

(4) pG ˝ F q˚ “ F ˚ ˝ G˚
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Proof.

(1)
Alt0pTF ppqNq Alt0pTpMq

R R

Alt0pFp,˚q

id

commutes.

(2)

AltkpTF ppqNq ˆ AltlpTF ppqNq Altk`lpTpMq

AltkpTpMq ˆ AltlpTpMq Altk`lpTpMq

^

AltkpFp,˚qˆAltlpFp,˚q Altk`lpFp,˚q

^

commutes.

(3) By linearity it suffices to check

dF ˚pfdxIq “ F ˚dpfdxIq

By Leibniz rule for d and (2), it suffices to show

(a) dF ˚pdfq “ F ˚pdfq

(b) dF ˚pdxiq “ F ˚pdpdxiqq

Which leaves to the readers.

(4) By definition.

Definition 5.16. A k-form ω is closed if ω P ker
´

ΩkpMq
d
ÝÑ Ωk`1pMq

¯

.

A k-form ω is exact if there exists a pk ´ 1q-form η such that dη “ ω, or equiva-

lently, ω P Im
´

Ωk´1pMq
d
ÝÑ ΩkpMq

¯

.

By Proposition 5.15 (1), exact k-form are all closed.

So we may define the k-th de Rham cohomology of M

Hk
DRpMq :“

ker
´

d : ΩkpMq
d
ÝÑ Ωk`1pMq

¯

Im
´

Ωk´1pMq
d
ÝÑ ΩkpMq

¯ (5.21)
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By Proposition 5.15 (2), we have @F P C8pM,Nq, ω P ΩkpNq.

Then ω closed ñ F ˚ω is closed. ω exact ñ F ˚ω exact.

So F induces a linear map

F ˚ : Hk
DRpNq Ñ Hk

DRpMq

rωs ÞÑ rF ˚ωs

Proposition 5.17 (Key properties of Hk
DRpMq).

(1) pF ˝ Gq˚ “ G˚ ˝ F ˚

(2) pidq˚ “ id.

(3) F,G P C8pM,Nq, F homotopic to G ñ F ˚ “ G˚

(4) If F is a homotopy equivalence ñ F ˚ : Hk
DRpMq Ñ Hk

DRpNq is an isomorphism.

Remark 5.18. Properties (3),(4) are nontrivial, which is the essential part of the

theory of de Rham cohomology

Proposition 5.19. H0
DRpMq – R ⟨π0pMq⟩, where π0pMq “ tpath component of Mu.

It suffices to prove the lemma that

Lemma 5.20. α P Ω0pMq “ C8pM,Rnq. Then α is closed iff α is constant on each

component of M .

Proof. The inverse part is trivial.

Assume α is closed. Pick p, q P M in some path component. D smooth path

γ : R Ñ M , γp0q “ p, γp1q “ q.

dα “ 0 ñ dpγ˚αq “ 0 ñ dpα ˝ γq “ 0 ñ
dpα ˝ γq

dt
“ 0 ñ α ˝ γp1q “ α ˝ γp0q.

So αppq “ αpqq
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We have Hk
DRpMq – Abpπ1pMqq bZ R. Abpπ1pMqq is the Abelian group of

π1pMq. In particular, H1
DRpR2q “ 0, H1

DRpR2zt0uq ‰ 0.

Let us stop the discussion of de Rham cohomology for a moment, and move

on to the next topic.

6 Orientation and Integration of Differential Form

6.1 Orientation on Manifold

An orientation on a finite dimensional vector space V is an equivalent class of

ordered basis

α “ pα1, ¨ ¨ ¨ , αnqT „ β “ pβ1, ¨ ¨ ¨ , βnqT ô detpαβT q ą 0

Each vector space has exactly two orientations. And we actually have the 1-1

correspondence

torientation on V u Ø pAltnpV qzt0uq{R`

rpe1, ¨ ¨ ¨ , enqs Ø re˚
1 ^ ¨ ¨ ¨ ^ e˚

ns

An orientation form on M of dimension n is a nowhere vanishing ω P ΩnpMq i.e.

an orientation form is a nowhere vanishing section of AltnpTMq.

Two orientation forms ω1, ω2 are equivalent if Df P C8pM,R`q s.t. ω1 “ fω2.

An orientation on M is an equivalent class of orientation form.

An orientation manifold is a manifold that has an orientation.

An oriented manifold is a manifold equipped with an orientation.

Example 6.1. |π0pMq| “ k ñ M has 2k orientations or no orientations.
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Example 6.2.

1. U Ă Rn open. U has a standard orientation, represented by the form dx1 ^

¨ ¨ ¨ ^ dxn. Denote this standard orientation as Ostd

2. pM,OMq, pN,ONq oriented manifolds ñ pM ˆ N,OM ˆ ONq. If OM “

rωM s,ON “ rωN s, then OM ˆ ON is defined by rπ˚
MpωMq ^ π˚

NpωNqs. (πM , πN

is the pullback of the projection map)

3. T n, Sn are orientable.

4. RPn orientable iff n is odd.

Proposition 6.3. Let U “ tUαu be an open cover of M . Suppose we have an orientation

Oα on each Uα s.t. Oα|UαXUβ
“ Oβ|UαXUβ

, @α, β. Then D unique orientation OM on M

s.t. OM |Uα “ Oα.

Proof. For each α, we have ωα P ΩnpUαq nowhere-vanishing. And

ωα|UαXUβ
“ fαβ ¨ ωβ|UαXUβ

, fαβ : Uα X Uβ Ñ R` (6.1)

Take partition of unity subordinate to U , tφαu.

Set ω “
ÿ

α

φα ¨ ωα. Then ω is nowhere-vanishing by (6.1).

The uniqueness follows from the fact that n-form is equivalent if and only if it

is equivalent on each chart.

Definition 6.4. Given pM,OMq, pN,ONq. f P DiffpM,Nq. Say f is orientation

preserving if f˚pONq “ OM . f is orientation reversing if f˚pONq “ ´OM .

Lemma 6.5. U1, U2 Ă Rn open. Then f : pU1,Ostdq Ñ pU2,Ostdq is orientation preserv-

ing iff

@p P U1, detpDf |pq ą 0 Df “

ˆ

Bf i

Bxj

˙

1ďi,jďn
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Proof. For Ostd “ rdx1 ^ ¨ ¨ ¨ ^ dxns,

f˚pdx1 ^ ¨ ¨ ¨ ^ dxnq “ df 1 ^ ¨ ¨ ¨ ^ dfn, df i “

n
ÿ

i“1

Bf i

Bxi
dxi

“ detpDfqdx1 ^ ¨ ¨ ¨ ^ dxn

Then
detpDfq ą 0 ô f˚pdx1 ^ ¨ ¨ ¨ ^ dxnq „ dx1 ^ ¨ ¨ ¨ ^ dxn

ô f˚Ostd “ Ostd

ô f is orientation preserving

Given pM,Oq, p P M , a basis e1, ¨ ¨ ¨ , en of TpM is called oriented if Op “

rpe1, ¨ ¨ ¨ , enqs.

A chart U φ
ÝÑ V

open
Ă Rn is oriented if φ˚pOstdq “ O|U .

A smooth atlas
!

Uα
φα
ÝÑ Vα

)

αPA
is oriented if each chart Uα

φα
ÝÑ Vα is oriented.

A smooth atlas
!

Uα
φα
ÝÑ Vα

)

αPA
is called positive if @α, β P A,

φαβ “ φβ ˝ φ1
α : φαpUα X Uβq Ñ φβpUα X Uβq is orientation preserving

By Lemma 6.5, this is equivalent to detpDφαβ|pq ą 0 for any p P φαpUα X Uβq.

6.2 Integration on Oriented Manifold

Goal: Given M,O, ω P Ωn
c pMq “ tcompactly supported n-form on Mu. Then

Supppωq “ tp P M |ωp ‰ 0 P AltnpTpMqu is compact.

We hope to define
ş

M
ω P R.
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For M
open
Ă Rn, O “ Ostd. Then @ω P Ωn

c pMq,

ω “ fdx1 ^ ¨ ¨ ¨ ^ dxn, f P C8
c pMq

Define
ş

M
ω “

ş

M
fdµ where µ is the standard Lebesgue measure on Rn.

Lemma 6.6. U, V
open
Ă Rn, φ : U

–
ÝÑ V is orientation preserving. Then @ω P Ωn

c pV q, we

have
ş

U
φ˚pωq “

ş

V
ω.

Proof. If ω “ fdx1 ^ ¨ ¨ ¨ ^ dxn, then

φ˚pωq “ φ˚pfq ^ dφ1 ^ ¨ ¨ ¨ ^ dφn

“ pf ˝ φq det

ˆ

Bφi

Bxj

˙

1ďi,jďn

dx1
1

^ ¨ ¨ ¨ ^ dx1
n

(6.2)

So
ş

U
φ˚pωq “

ż

U

pf ˝ φq det

ˆ

Bφi

Bxj

˙

1ďi,jďn

dµ “

ż

V

fdµ “

ż

V

ω

So we can define the integral over special ω and general M .

Definition 6.7. If ω PΩn
s pMq “ tn-forms with "small" supportu

“ tω P Ωn
c pMq|Doriented chart φ : U

–
ÝÑ V s.t. Supppωq Ă Uu.

We define
ş

M
ω :“

ş

V
φ´1,˚pωq

Claim. If Supppωq Ă Uα X Uβ , then
ş

Vα
φ´1,˚
α pωq “

ş

Vβ
φ´1,˚
β pωq

Proof.

φαβ : φαpUα X Uβq
–
ÝÑ φβpUα X Uβq

φ´1,˚
α pωq ÞÑ φ˚

βpωq

By Lemma 6.6, we have
ş

Vα
φ´1,˚
α pωq “

ş

Vβ
φ´1,˚
β pωq
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Theorem 6.8. For any oriented pM,Oq, D unique linear map
ş

M
: Ωn

c pMq Ñ R that

extends
ş

M
: Ωn

s pMq Ñ R.

Proof.

Step1: There exists an oriented atlas U “ tφα : Uα Ñ Vα
open
Ă RnuαPA. Indeed,

pick any smooth atlas U “ tUα
φα
ÝÑ VαuαPA. By replacing φα with r ˝ φα where

rpx1, ¨ ¨ ¨ , xnq “ p´x1, ¨ ¨ ¨ , xnq. We can get the oriented atlas U 1.

Step2. Pick a partition of unity subordinate to U , tφα :M Ñ r0, 1su

Now we begin the main proof:

Let ωα “ ρα ¨ ω. Supppωαq Ă Supppραq X Supppωq Ă Uα. And ωα P Ωn
s pMq

Claim. ωα ‰“ 0 for only finite many α P A

Proof. @p P Supppωq, D neighbourhood Wp only intersects Supppραq for finitely

many α.

Since tWpupPSupppωq is an open cover of Supppωq, by compactness, Supppωq only

intersects Supppραq for finitely many α.

Therefore, ωα ‰ 0 for only finitely many α

By this claim, since
ÿ

αPA
ρα “ 1 ñ ω “ ωα1 ` ¨ ¨ ¨ ` ωαn for some α1, ¨ ¨ ¨ , αk P A.

We may define

ż

M

ω “
ÿ

αPA

ż

M

ωα “

ż

M

ωα1 ` ¨ ¨ ¨ `

ż

M

ωαk
P R (6.3)

This proves existence
ş

pM,O,U ,tραuq
: Ωn

c pMq Ñ R.

Uniqueness: @ω P Ωn
c pMq, Dω1, ¨ ¨ ¨ , ωk P Ωn

s pMq, ω “ ω1 ` ¨ ¨ ¨ ` ωn as the claim

proved.

So
ż

M

ω “

n
ÿ

i“1

ż

M

ωi is uniquely defined.
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Remark 6.9. We actually obtain that each ω P Ωn
c pMq can be expressed as

n
ÿ

k“1

ωk

where ωk P Ωn
s pMq.

Proposition 6.10.

1. f : pM,OMq
–
ÝÑ pN,ONq. If f is orientation preserving, then

ş

M
f˚pωq “

ş

N
ω. If

f is orientation reversing, then
ş

M
f˚pMq “ ´

ş

N
ω.

2.
ş

pM,Iq
ω “ ´

ş

pM,Oq
ω.

3. If Supppωq Ă U
open
Ă M , then

ş

M
ω “

ş

U
ω.

Proof. Leave as exercise.

6.3 Smooth Manifold with Boundary

Now let M be the smooth manifold with boundary, BM “ N . i.e. M has a

smooth atlas tφα : Uα
–
ÝÑ Vα

open
Ă Rď0 ˆ Rn´1u.

We can define TpM , TM , AltkpMq, ΩkpMq, Ωk
c pMq, Ωk

spMq and orientation sim-

ilar as before.

For p P BM , X P TpM is called outward if D local chart φ : U
–
ÝÑ V around p

s.t.

φp,˚pXq “ a1Bx
1 ` ¨ ¨ ¨ ` anBxn with a1 ą 0

Recall that if M is n dimensional manifold with boundary, then N “ BM is a

n ´ 1 dimensional manifold without boundary.

Proposition 6.11. For any orientation OM on M , D a unique induced orientation ON

on N “ BM s.t. @p P N , X “ TpM outward, e2, ¨ ¨ ¨ , en P TpN is an oriented basis.

Moreover, pX, e2, ¨ ¨ ¨ , enq is oriented basis of TpM .
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Proof. Take oriented atlas U “ tφα : Uα
–
ÝÑ VαuαPA.

We have φαpUα X Uβq Ă t0u ˆ Rn´1.

Define ψα : N X Uα
–
ÝÑ pt0u ˆ Rn´1q X Uα. Then U 1tψαu is a smooth atlas for N .

U is oriented implies U is positive, so is U . So there exists the unique ON s.t.

U 1 is oriented.

Theorem 6.12 (Stokes’ Theorem). M is n dimensional manifold with boundary, ori-

ented by OM . N “ BM , with induced orientation ON . ι : N ãÑ M is the inclusion map.

Then @ω P Ωn´1
c pMq, we have

ż

M

dω “

ż

N

ι˚pωq (6.4)

Proof. By Remark 6.9@ω P Ωn´1
c pMq, ω “ ω1 ` ¨ ¨ ¨ ` ωk, ωj P Ωn

s pMq.

By linearity, we may assume ω P Ωn
s pMq, Supppωq Ă Uα for chart φα : Uα

–
ÝÑ Vα.

φ´1,˚
α pωq P Ωn

c pVαq induces ω1 P Ωn
c pRď0 ˆ Rn´1q if we extend it by 0.

By considering ω1 instead of ω, we may assume M “ Rď0 ˆ Rn´1 and we just

need to prove
ż

Rn´1

ι˚pω1q “

ż

Rď0ˆRn´1

dω1

Let ω1 “
řn
k“1 f

kdx1 ^ ¨ ¨ ¨ ^ ydxk ^ ¨ ¨ ¨ ^ dxn.

By linearity, we may assume ω1 “ fkdx1 ^ ¨ ¨ ¨ ^ ydxk ^ ¨ ¨ ¨ ^ dxn.

dω1 “

˜

n
ÿ

i“1

Bfk

Bxi
dxi

¸

“
Bfk

Bxk
p´1qk´1dx1 ^ ¨ ¨ ¨ ^ dxn

(6.5)

For k “ 1,
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ż

Rď0ˆRn´1

dω1 “

ż

Rn´1

ˆ
ż

Rď0

Bf 1

Bx1
dx1

˙

dx2 ^ ¨ ¨ ¨ ^ dxn

“

ż

Rn´1

ˆ

f 1p0, x2, ¨ ¨ ¨ , xnq ´ lim
x1Ñ8

f 1px1, x2, ¨ ¨ ¨ , xnq

˙

dx2 ¨ ¨ ¨ ^ dxn

“

ż

Rn´1

f 1p0, x2, ¨ ¨ ¨ , xnqdx2 ^ dx3 ^ ¨ ¨ ¨ ^ dxn

“

ż

Rn´1

ι˚pω1q

For k ‰ 1,

ż

Rď0ˆRn´1

dω1 “

ż

Rď0ˆRn´1

ˆ
ż

Rď0

Bfk

Bxk
dxk

˙

“

ż

Rn´1

ˆ

lim
xkÑ`8

fkpx1, x2, ¨ ¨ ¨ , 0, ¨ ¨ ¨ , xnq ´ lim
xkÑ´8

fkpx1, x2, ¨ ¨ ¨ , xnq

˙

dx1 ^ dx2 ¨ ¨ ¨ ^ ydxk ^ ¨ ¨ ¨ ^ dxn

“ 0

“

ż

BM

ι˚pω1q

Theorem 6.13. For any smooth orientable compact manifold M , BM is not a retract of

M , i.e. there is no continuous map r :M Ñ BM s.t. r|BM “ idBM

Proof. Assume such retraction r exists. After homotopy, we may assume r is

smooth followed form Whitney approximation Theorem 1.41

Pick an orientation on M and such an orientation induces orientation on BM

and hence, there exists an orientation form ω P Ωn´1pBMq s.t. ω is nowhere

vanishing.

Then
ş

BM
ω ‰ 0.
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Noticed that r ˝ i “ id, we have
ş

BM
ω “

ş

BM
ι˚pr˚pωqq “

ş

M
dpr˚pωqq “

ş

M
r˚pdωq “ 0

Corollary 6.14. f : Dn Ñ Dn continuous. Then Dx P Dn s.t. fpxq “ x.

Proof. Suppose there is no x s.t. fpxq “ x. Let lx be the unique ray form fpxq to

x.

Define r : Dn Ñ Sn´1 by rpxq “ lx X Sn´1. Then r is continuous, rpxq “ x for

x P Sn´1, which is contradiction to the previous theorem.

6.4 Riemannian Metric

A Riemannian metric g on M is a smooth section of T ˚M bT ˚M s.t. @p P M ,

gp : TpM b TpM Ñ R is symmetric and positive definite.

Or equivalently, gp is a bilinear map from TpM ˆ TpM Ñ R s.t.

gppv, wq “ gppw, vq, gppv, vq ě 0 with equality holds iff v “ 0

We also write gppv, wq as ⟨v, w⟩p v, w P TpM .

In a local chart pU, x1, ¨ ¨ ¨ , xnq,

g|U “
ÿ

1ďi,jďn

gi,jdx
i b dxj

where gi,j P C8pU,Rq, gi,jppq “
⟨

B
Bxi

|p,
B

Bxj
|p
⟩
p
.

We will abbreviate Riemannian metric to just metric in this lecture, just for

convenience.

Example 6.15.

(1) Euclidean metric on Rn, gstd “

n
ÿ

i“1

dxi b dxj .
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(2) Given any N
f

í M , any metric gM on M , we can pullback gM to metric on

gN by ⟨V,W ⟩p :“
⟨
fp,˚pV q, fp,˚pW q

⟩
fppq

P R, @p P N, V,W P TpN .

When f is an embedding, also write f˚pgMq as gM |N

(3) For Sn´1 ãÑ Rn, gstd|Sn´1 “ gSn´1 , TpSn´1 – pK. So ⟨v, w⟩p “ ⟨v, w⟩Rn . Hence

Sn´1 has constant positive sectional curvature

(4) For M “
˝

D
n

, g “

n
ÿ

i“1

dxi b dxi

p1 ´

n
ÿ

i“1

xiq2
called Poincaré disk model, has constant

sectional curvature -1.

Proposition 6.16. Any smooth manifold has a Riemannian metric,

Proof. Take a smooth atlas U “ tpUα, φαqu, take partition of unity ρα : M Ñ r0, 1s

subordinate to U .

On each pUα, x
1, ¨ ¨ ¨ , xnq, take the standard metric

gα “

n
ÿ

i“1

dxi b dxi

Then g “
ÿ

α

ραgα P ΓpT ˚M b T ˚Mq.

For @p P α, there exists finitely many αi s.t. gp “

m
ÿ

i“1

ραi
ppqgαi

. Positive

linear combination of positive definite symmetric form is still positive definite

and symmetric. Thus, g is what we need.

Consider Rn ãÑ E Ñ M a smooth vector bundle.

A Riemannian metric on E is a smooth section g P ΓpE˚ bE˚q s.t. @p P M , gp

is a symmetric, positive definite bilinear form.

Proposition 6.17. Any smooth vector bundle has a metric.
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Proof. It suffices to replace TpM to vector bundle in the previous proof.

Corollary 6.18. For any smooth vector bundle E, E is isomorphic to E˚. i.e. Dρ

diffeomorphism s.t. ρ restricts to linear isomorphism Ep Ñ E˚
pM for any p P M .

Proof. Pick a metric g on E. Define E ρ
ÝÑ E˚, v ÞÑ gppv,´q. It is easy to check ρ is

an isomorphism.

In particular, TM – T ˚M .

Theorem 6.19. Let M be oriented manifold. Then any Riemannian metric g determines

an oriented n-form Vol P ΩnpMq, called volume form.

Proof. Take oriented chart pUα, x
1, ¨ ¨ ¨ , xnq, we get vector fields Bxi on Uα.

Apply Gram-Schmidt process,

e1 “
Bx1

||Bx1||g
, e2 “

Bx2 ´ ⟨Bx2, e1⟩g
||Bx2 ´ ⟨Bx2, e1⟩g ||

, e3 “ ¨ ¨ ¨

We get smooth orthonormal vector fields e1, ¨ ¨ ¨ , en on Uα. Let e˚
1 , ¨ ¨ ¨ , e˚

n P Ω1pUαq

be the dual of teiu.

Set ωα :“ e˚
1 ^ ¨ ¨ ¨ ^ e˚

n P ΩnpUαq.

Now suppose we have another chart pUβ, y
1, ¨ ¨ ¨ , ynq ù eβ “ e1˚

1 ^ ¨ ¨ ¨ ^ e1˚
n .

Then @p P Uα X Uβ , tei,pu, te
1
i,pu are both oriented orthogonormal basis of

pTpM, gpq.

Then there exists A P SOpnq s.t.

¨

˚

˚

˚

˝

e1,p
...

en,p

˛

‹

‹

‹

‚

“ A

¨

˚

˚

˚

˝

e1
1,p

...

e1
n,p

˛

‹

‹

‹

‚

63



Then
¨

˚

˚

˚

˝

e˚
1,p

...

e˚
n,p

˛

‹

‹

‹

‚

“ AT

¨

˚

˚

˚

˝

e1˚
1,p

...

e1˚
n,p

˛

‹

‹

‹

‚

So e1˚
1,p ^ ¨ ¨ ¨ ^ e1˚

n,p “ detpAT qe˚
1,p ^ ¨ ¨ ¨ ^ e˚

n,p ñ ωα,p “ ωβ,p.

Therefore, ωα|UαXUβ
“ ωβ|UαXUβ

. So tωαu induces a unique Vol P ΩnpMq s.t.

Vol|Uα “ ωα

Remark 6.20. In this proof, we know that the wedge product of orthogonormal

basis at any point are all the same except signs.

Proposition 6.21 (Calculation of volume form in local chart). In a local chart

pU, x1, ¨ ¨ ¨ , xnq, g|U “
ÿ

1ďi,jďn

gi,jdx
i b dxj , then

Vol “

b

detpgijqdx
1 ^ ¨ ¨ ¨ ^ dxn (6.6)

Proof. If

¨

˚

˚

˚

˝

Bx1

...

Bxn

˛

‹

‹

‹

‚

“ A

¨

˚

˚

˚

˝

e1
...

en

˛

‹

‹

‹

‚

, where A : U Ñ GLnpRq.

Then

¨

˚

˚

˚

˝

e˚
1

...

e˚
n

˛

‹

‹

‹

‚

“ AT

¨

˚

˚

˚

˝

dx1

...

dxn

˛

‹

‹

‹

‚

ñ

Vol “ e˚
1 ^ ¨ ¨ ¨ ^ e˚

n “ detpAT qdx1 ^ ¨ ¨ ¨ ^ dxn “

b

detpgijqdx
1 ^ ¨ ¨ ¨ ^ dxn
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The final equality is because

pgijq “

¨

˚

˚

˚

˝

Bx1

...

Bxn

˛

‹

‹

‹

‚

g

´

Bx1 ¨ ¨ ¨ Bxn
¯

“ A

¨

˚

˚

˚

˝

e1
...

en

˛

‹

‹

‹

‚

g

´

e1 ¨ ¨ ¨ en

¯

AT “ AAT

The multiplication of matrix is defined by the Riemannian metric ⟨´,´⟩gp

Example 6.22. For ω0 P Ωn´1pRnq defined by

ω0,xpv1, ¨ ¨ ¨ , vn´1q “ detpx, v1, ¨ ¨ ¨ , vn´1q

Then ω0,xpBx1, ¨ ¨ ¨ ,yBxk, ¨ ¨ ¨ , Bxnq “ p´1qi´1xi. So

ω0 “

n
ÿ

i“1

p´1qi´1xidx1 ^ ¨ ¨ ¨ ^ xdxi ^ ¨ ¨ ¨ ^ dxn

And we have ω0|Sn´1 “ VolSn´1 .

Proof. For x P Sn´1, pick an orthogonormal basis pe2, ¨ ¨ ¨ , enq for TxSn´1 – xK Ă

Rn. Then px, e2, ¨ ¨ ¨ , enq is an oriented orthonormal basis for Rn

Then ω0,xpe2, ¨ ¨ ¨ , enq “ detpx, e2, ¨ ¨ ¨ , enq “ 1. So pω0|Sn´1qx “ e˚
2 ^ ¨ ¨ ¨ ^ e˚

n “

pVolSn´1qx. So ω0|Sn´1 “ VolSn´1

Remark 6.23. In this example, we see that it is usual to view the differential n-

form as the anti-symmetric map T nM Ñ R and it is uniquely determined by the

image of the orthogonormal basis of tangent space.

ω0 is not closed since dω0 “ ndx1 ^ ¨ ¨ ¨ ^ dxn.

Actually, there is no closed ω P Ωn´1pRnq s.t. ω|Sn´1 “ VolSn´1 , since

VolpSn´1q ą 0 but
ż

Sn´1

ω|Sn´1 “

ż

Dn

dω “ 0.

However, there exists ω1 P Ωn´1pRnzt0uq s.t. dω1 “ 0. ω1|Sn´1 “ VolSn´1 .
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Indeed, for γ : Rnzt0u Ñ Sn´1, x ÞÑ x
|x|

, let ω1 “ γ˚pVolSn´1q. Then dω1 “ 0,

ω1|Sn´1 “ VolSn´1 .

Exercise 6.24.

ω1 “

n
ÿ

i“1

p´1qi´1 1

|x|n
xidx

1 ^ ¨ ¨ ¨ ^ xdxi ^ ¨ ¨ ¨ ^ dxn

6.5 Orientability of RPn´1

Define the A : Rn Ñ Rn, x ÞÑ ´x, A|Sn´1 : Sn´1 Ñ Sn´1. Then

pA˚pω0qqx pV2, ¨ ¨ ¨ , Vnq “ ω0,´xp´V2, ¨ ¨ ¨ ,´Vnq

“ detp´x,´V2, ¨ ¨ ¨ , Vnq

“ p´1qn detpx, V2, ¨ ¨ ¨ , Vnq

“ p´1qnω0,xpV2, ¨ ¨ ¨ , Vnq

(6.7)

Therefore, A˚ω0 “ p´1qnω0 ñ pA|Sn´1q
˚

pVolSn´1q “ p´1qnVolSn´1 .

À If n is even, pA|Sn´1q
˚

pVolSn´1q “ VolSn´1 .

Define RPn´1 “ Sn´1{x„Ax. Then VolSn´1 induces a nowhere vanishing form

ω P Ωn´1pRPn´1q if n is even. So RPn´1 is orientable, ω is the volume form VolRPn´1

Proposition 6.25. We have the identification:

RP1 “ S1,RP3 – SOp3q – tpu, vq P R3 ˆ R3|uKv, |u| “ |v| “ 1u

Á If n is odd, pA|Sn´1q˚pVol|Sn´1q “ ´Vol|Sn´1 . We claim that

Proposition 6.26. RPn´1 is unorientable for n odd.

Proof. Suppose RPn´1 is orientable. Then D nowhere vanishing orientation form
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ω1 P Ωn´1pRPn´1q. Define

q : Sn´1 Ñ RPn´1

x ÞÑ rxs

Then q˚pω1q “ fVolSn´1 P Ωn´1pSn´1q for f P C8pSn´1q nowhere vanishing.

By q ˝ A “ q, A˚pq˚pω1qq “ q˚pω1q ñ A˚pfVolSn´1q “ fVolSn´1 . Then

pf ˝ Aq ¨ A˚pVolSn´1q “ fVolSn´1 ñ f ˝ A “ ´f (6.8)

So fp´xq “ ´fpxq, @x P Sn´1. ñ f can’t be nowhere vanshing, which causes

contradiction!

Theorem 6.27. RPn is orientable iff n is odd.

6.6 Tensor Field and Lie Derivative

For M smooth manifold, a, n P N.

A pa, bq-tensor field is a smooth section τ of

˜

â

a

TM

¸

â

˜

â

b

T ˚M

¸

.

A pa, bq-tensor field is called covariant tensor field if a “ 0.

A pa, bq-tensor field is called contravariant tensor field if b “ 0.

A pa, bq-tensor field is called mixed tensor field if a ‰ 0, b ‰ 0.

Under local chart pU, x1, ¨ ¨ ¨ , xnq, a pa, bq-tensor field τ can be written as

τ |U “
ÿ

1ďj1ă¨¨¨ăjbďn
1ďi1ă¨¨¨ăiaďn

τ i1,¨¨¨ ,iaj1,¨¨¨ ,jb
Bxi1 b ¨ ¨ ¨ b Bxia b dxj1 b ¨ ¨ ¨ b dxjb (6.9)

Example 6.28.

(1) f P C8pMq is a p0, 0q-tensor field.
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(2) Vector field is a p1, 0q-tensor field.

(3) k-form is an anti-symmetric p0, kq-tensor field.

(4) A Riemannian metric is a symmetric p0, 2q-tensor field.

Given vector field X , pa, bq-tensor field τ , one can define the Lie derivative

LXτ be a pa, bq-tensor field.

We focus on the case a “ 0, i.e. covariant vector field. (Indeed, we have

defined the Lie derivative for the contravariant field when b “ 0)

For p P M , tφt : U Ñ MurPp´ε,εq local flow for X . Define LXτ as follows:

For X P ΓpTMq, φt,˚ : TpM Ñ TφtpqqM induces φ˚
t : T

˚
φtppqM Ñ T ˚

pM and

φ˚
t :

â

b

T ˚
φtppqM Ñ

â

b

T ˚
pM

Since τφtppq P
â

b

T ˚
φtppqM , τp P

â

b

T ˚
pM , define

pLXτqp “ lim
tÑ0

φ˚
t pτφtppqq ´ τp

t
(6.10)

Equivalently, LXτ |U “ lim
tÑ0

φ˚
t pτq|U ´ τ |U

t
.

Lemma 6.29. X, τ smooth ñ LXτ smooth.

Proof. See Lee’s Book

LXτ describes the change of τ under the (local) flow generated by X .

For simplicity, let’s assume X is complete. Let φt : M Ñ M be the global flow

for X . We say a covariant tensor field τ P Γ

˜

â

b

T ˚M

¸

is invariant under φt or

invariant under X if φ˚
t pτq “ τ .

Proposition 6.30.
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• τ is invariant under X if and only if LXτ “ 0

•
d

dt
φ˚
t pτq|t“0 “ LXτ

Proof. The second part and the necessary of the first part is direct from the defini-

tion.

We only prove the sufficiency for the first part. Assume LXτ “ 0.

Consider the map R f
ÝÑ

Â

b

T ˚
pM, t ÞÑ φ˚

t pτφtppqq.

Then @t0 P R, fptq “ φ˚
t0

pφ˚
t´t0

pτφtppqqq. So

dfptq

dt
|t“t0 “ lim

tÑt0

φ˚
t0

pφ˚
t´t0

pτφtppqqq ´ φ˚
t0

pτφt0 ppqq

t ´ t0
s“t´t0

ùùùùùù φ˚
t0

ˆ

lim
sÑ0

φ˚
s pτφspφt0 ppqqq ´ τφt0 ppq

s

˙

“ φ˚
t0

pLXτqφt0 ppq

“ 0

(6.11)

Definition 6.31. Given Riemannian manifold pM, gq, a vector field X is called a

Killing vector field if LXg “ 0. Or equivalently, the flow generated by X is an

isometry.

Example 6.32.

␣

Killing vector field on pS2, gS2q
(

– sop3q

“ Span pxBy ´ yBx, yBz ´ zBy, zBx ´ xBzq

Lemma 6.33.

(1) LXpω ^ ηq “ LXω ^ η ` ω ^ LXη

(2) LXpdωq “ dpLXωq
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Proof. (1)

pLXpω ^ ηqqp “ lim
tÑ0

φ˚
t pω ^ ηqφtppq ´ pω ^ ηqp

t

“ lim
tÑ0

φ˚
t pωφtppqq ^ φ˚

t pηφtppqq ´ φ˚
t pωφtppqq ^ ηp ` φ˚

t pωφtppqq ^ ηp ´ ωp ^ ηp
t

“ lim
tÑ0

φ˚
t pωφtppqq ´ ωp

t
^ ηp ` lim

tÑ0
φ˚
t pωφtppqq ^ lim

tÑ0

φ˚
t pηφtppqq ´ ηp

t

“ pLXωqp ^ ηp ` ωp ^ pLXηqp

(6.12)

(2)

LXdω “ lim
tÑ0

φ˚
t pdωq ´ dpωq

t

“ lim
tÑ0

dpφ˚
t pωq ´ ωq

t

“ d

ˆ

lim
tÑ0

φ˚
t pωq ´ ω

t

˙

“ dLXpωq

Given X P ΓpTMq, define contraction X { ´ : ΩkpMq Ñ Ωk´1pMq by

pX { αqpY2, ¨ ¨ ¨ , Ykq :“ αpX,Y2, ¨ ¨ ¨ , Ykq for Y2, ¨ ¨ ¨ , Yk P ΓpTMq

Often abbreviated to ιX : ΩkpMq Ñ Ωk´1pMq.

Example 6.34. X “ fBxi, α “ gdxi1 ^ ¨ ¨ ¨ ^ dxin . Then

x { α “

$

’

’

&

’

’

%

0, i R ti1, ¨ ¨ ¨ , inu

p´1qk´1fgdxi1 ^ ¨ ¨ ¨ ^ ydxik ^ ¨ ¨ ¨ ^ dxin , i “ ik

(6.13)
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Theorem 6.35 (Cartan’s Magical Formula). LXpωq “ X { dω ` dpX { ωq. Also

written as

LXpωq “ ιXpdωq ` dpιXωq

Proof. Need to show pLXωqp “ pX { pdωqqp ` pdpX { ωqqp.

For Xp ‰ 0. By canonical form theorem 4.1, there exists local chart around p

s.t. X|U “ Bx1.

Let ω “
ÿ

1ďi1ă¨¨¨ăinďn

f i1,¨¨¨ ,ikdxi1 ^ ¨ ¨ ¨ ^ dxik . By linearity we may assume ω “

fdxi1 ^ ¨ ¨ ¨ ^ xik , i1 ă ¨ ¨ ¨ ă ik.

For i1 “ 1,

φtpx
1, ¨ ¨ ¨ , xnq “ px1 ` t, ¨ ¨ ¨ , xnq

X { dω “
B

Bx1
{

˜

ÿ

1ďjďn

Bf

Bxj
dxj ^ dxi1 ^ ¨ ¨ ¨ ^ dxik

¸

(6.13)
“ ´

ÿ

jRti1,¨¨¨ ,iku

Bf

Bxj
dxj ^ dxi2 ^ ¨ ¨ ¨ ^ dxik

pX { ωq
(6.13)
“ fdxi2 ^ ¨ ¨ ¨ ^ dxik

Then

dpX { ωq “
ÿ

jRti2,¨¨¨ ,iku

Bf

Bxj
dxj ^ dxi2 ^ ¨ ¨ ¨ ^ dxik

So

pdpX { ωq ` X { ωqp “
Bf

Bx1
dx1 ^ dxi2 ^ ¨ ¨ ¨ ^ xik “ pLXωqp
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For the case i1 ‰ 1,

X { dω “
B

Bx1
{

˜

ÿ

1ďjďn

Bf

Bxj
dxj ^ dxi1 ^ ¨ ¨ ¨ ^ dxik

¸

(6.13)
“

Bf

Bx1
dxi1 ^ ¨ ¨ ¨ ^ dxik

pX { ωq
(6.13)
“ 0

Thus,

pdpX { ωq ` X { ωqp “
Bf

Bx1
dxi1 ^ ¨ ¨ ¨ ^ dxik “ pLXωqp

Now we consider the case that Xp “ 0. For p P SupppXq, it is true using

continuity. If p R SupppXq, then D neighborhood U of p s.t. X|U ” 0. So the two

sides of the equation equals 0.

6.6.1 Divergence of vector fields

Definition 6.36. For Riemannian metric space pM, gq, X P ΓpTMq. Define divX P

C8pMq by

dpιXVolq “ divpXqVol (6.14)

Then by Cartan’s formula,

LXVol “ dpιXVolq “ divpXqVol (6.15)

Let φt : U Ñ M be the flow for X .

d

dt
φ˚
t pVolq|t“t0 “ φ˚

t0
pLXVolq “ φ˚

t0
pdivX ¨ Volq (6.16)
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If D is an integration domain of M , a small ball for example. Then define

VolpDq “

ż

D

Vol (6.17)

Now VolpφtpDqq “
ş

φtpDq
Vol “

ş

D
φ˚
t pVolq.

d

dt
VolpφtpDqq “

ż

D

φ˚
t pdivXVolq

“

ż

φtpDq

divXVol
(6.18)

If divX|p ą 0 for all p, then φt is volume increasing. If divX|p “ 0 for all p, then

φt is volume preserving. If divX|p ă 0 for all p, then φt is volume decreasing.

6.6.2 Hamiltonian vector fields on symplectic manifolds

A symplectic structure on M is a 2-form ω P Ω2pMq, called symplectic form

s.t. (1) dω “ 0 (2) ω is non-degenerate everywhere. i.e. For @v P TpM ‰ 0, there

exists w P TpM such that ωpv, wq ‰ 0, ω
dimM

2 nowhere vanishing equivalently.

Example 6.37. For M “ T ˚N , we have a canonical form α P Ω1pMq defined as

follows:

@p P T ˚
q N Ă M , v P TpM , it induces a canonical map π : M Ñ N, p ÞÑ q. Then

its pullback π˚ : TpM Ñ TqN, v ÞÑ π˚v induces αppvq “ ppπ˚pvqq P R.

Then ω “ dα is a canonical symplectic structure on T ˚N .

Proof. Take local chart pU, x1, ¨ ¨ ¨ , xnq of N ,
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U rU
open
Ă Rn

M Ą T ˚U T ˚
rU – rU ˆ Rn

open
Ă R2n

n
ÿ

i“1

pidx
i px1pqq, ¨ ¨ ¨ , xnpqq, p1, ¨ ¨ ¨ , pnq

xi

–

Then α “

n
ÿ

i“1

pidx
i, ω “

n
ÿ

i“1

dpi ^ dxi.

ωn “ n!dp1 ^ dx1 ^ dp2 ^ dx2 ^ ¨ ¨ ¨ ^ dpn ^ dxn

So ω is non-degenerate everywhere.

Definition 6.38. For pM,ωq symplectic, f P C8pMq, df P Ω1pMq. ω is non-

degenerate everywhere. Define

ι´ω : ΓpTMq Ñ ΓpT ˚Mq, X ÞÑ ιXω (6.19)

Define the Hamiltonian vector field Xf by ιXf
ω “ df . The flow generated by

Xf is called the Hamiltonian flow ϕ : U Ñ M .

By Cartan’s formula

LXf
ω “ ιXf

dω ` dpιXf
ωq “ dpdfq “ 0 (6.20)

So the symplectic form is preserved under the Hamiltonian flow.

The motivation to study Hamiltonian flow is that in classical mechanics, N “

Rn, M “ T ˚N “ Rn ˆ Rn configuration space. The movement of a system of m
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partial is given by γ : R Ñ M , γ satisfies the Hamiltonian equation

γ1ptq “ XH |γptq

where H : M Ñ R is the Hamiltonian. i.e. γ is an integral curve of the

Hamiltonian flow.

6.7 Frobenius Theorem

The motivation is to solve the PDE equation for f : U Ñ R such that

$

’

’

&

’

’

%

Bf

Bx
“ αpx, y, fpx, yqq

Bf

By
“ βpx, y, fpx, yqq

(6.21)

where initial value is fpx0, y0q “ z0.

Consider vector fields on R3, X1 “
B

Bx
` αpx, y, zq

B

Bz
,X2 “

B

By
` βpx, y, zq

B

Bz
.

Then f is a solution iff N : graphpfq “ tpx, y, fpx, yqqu ãÑ R3 satisfies px0, y0, z0q P

N , TpN “ SpanpX1,p, X2,pq.

Definition 6.39. Mn is a smooth manifold. A k-dimensional tangent distribution

D is a k-dimensional linear subspace Dp Ă TpM at each p P M s.t. D “
ğ

pPM

Dp is

a smooth subbundle of TM .

Equivalently, this means for any p P M , there exists a neighborhood U of p,

and smooth vector fields Y1, ¨ ¨ ¨ , Yk on U s.t. Dq “ Span ⟨Y1,q, ¨ ¨ ¨ , Yk,q⟩, @q P U .

An immersed submanifold φ : N í M is called an integral manifold for D

if @q P N , φ˚pTqNq “ Dφpqq. Identify N with φpNq to simplify notation, It can be

abbreviated as TqN “ Dq,
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Example 6.40. Every nowhere vanishing vector field is a 1-dimensional distribu-

tion, and the integral curve of it is the integral manifold.

Example 6.41. For M “ T2 “ R ˆ R{ZˆZ, D “ Spanp
B

Bx
q. Then the integral

submanifold is S1 ˆ tyu. For D “ Spanp
B

Bx
`

?
2 `

B

By
q, integral submanifold

try, xs|y´y0 “
?
2px´x0qu is an immersed but not embedding submanifold dense

in T2.

Example 6.42. M “ Rn, D “ Span

"

B

Bx1
, ¨ ¨ ¨ ,

B

Bxk

*

has integral manifold N “

Rk ˆ tcu, c P Rn´k.

Example 6.43. M “ Rnzt0u, Dp “ pK is an n ´ 1 dimensional distribution with

integral submanifold N “ Sn´1
r “ tx : }x} “ ru.

Example 6.44. M “ R3, D “ Span

"

B

Bx
` y

B

Bz
,

B

By

*

. We claim that D has no

integral submanifold.

Proof of the Claim. Let N be an integral submanifold, p0, 0, 0q P N . γ : p´ε, εq Ñ

Rn, t ÞÑ pt, 0, 0q is an integral curve for X1 “ B
Bx

. So px, 0, 0q P N , for x P p´ε, εq.

Let η : p´ε1, ε1q Ñ R3, t ÞÑ px, t, 0q be an integral curve for X2 “ B
By

starting at

px, 0, 0q. So for px, y, 0q P N for x P p´ε, εq, y P p´ε1, ε1q.

That implies that N contains X ´ Y plane near p0, 0, 0q but now TpN “

Span

"

B

Bx
,

B

By

*

‰ Dp.

Remark 6.45. This example shows that a distribution doesn’t have integral man-

ifold always. This property that have integral manifold implies something more

than linearity, or in some sense, it should be closed under the action by local flows

in that case.

Here we introduce Frobenius theorem to explain it.

Definition 6.46. Let D be a k-dimensional distribution on M .

76



We say a chart pU,φq on M is flat for D if φpUq is a product of connected open

sets U 1 ˆU2 Ă RkˆRn´k, and at points of U , D is spanned by the first k coordinate

vector fields
B

Bx1
, ¨ ¨ ¨ ,

B

Bxk

(1) We say D is involutive if for any open U Ă M , any smooth sections X,Y P

ΓpD|Uq, we have rX,Y s P ΓpD|Uq.

(2) We say D is integrable for any p P M , there exists an integral submanifold

N for D s.t. p P N

(3) We say D is completely integrable if @p P M , there exists local chart

pU, x1, ¨ ¨ ¨ , xnq around p s.t. D|U “ Span

"

B

Bx1
, ¨ ¨ ¨ ,

B

Bxk

*

. i.e. There

exists a flat chart for D in a neighborhood of every point of M .

Theorem 6.47 (Local Frobenius). Those definitions above is equivalent.

Proof. Completely integrable ñ Integrable: In U , all submanifolds of the form

Rk ˆ tcu are integral submanifold for D.

Integrable ñ Involutive: For X,Y P ΓpDq, p P M . Let ι : N í M be integral

submanifold s.t. p P N .

Then rX,Y s|p “ rX|N , Y |N sp P TpN “ Dp, since X,Y is ι-related to X|N , Y |N

resepectively. So rX,Y s P ΓpDq.

Involutive ñ Completely integrable. @p P M , take local chart pV, y1, ¨ ¨ ¨ , ynq.

WLOG, yppq “ 0. Then π “ py1, ¨ ¨ ¨ , ykq : V Ñ Rk, p ÞÑ 0. It induces πq,˚ : TqV Ñ

TπpqqRk “ Rk.

Since Dp has dimension k, by shrinking V , and reordering the coordinate such

that Dq is disjoint with
B

Bxk`1
, ¨ ¨ ¨

B

Bxn
, we may assume πq,˚|Dq : Dq

–
ÝÑ Rk, @q P V .

Consider Byi P ΓpTRkq, 1 ď i ď k. Let Xi be the unique section of D|V s.t.

π˚pXiq “ Byi. Xi P ΓpD|V q Ă ΓpTMq. Then Byi is π-related to Xi.
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Then 0 “ rByi, Byjs is π-related to rXi, Xjs. So π˚rXi, Xjsq “ 0, @q P V ñ

rXi, Xjsq “ 0, @q P V .

Thus, we obtain linear independent vector fields with rXi, Xjs “ 0, i ‰ j.

By canonical form of commuting vector fields 4.11, there exists local charts

pU, x1, ¨ ¨ ¨ , xnq s.t. Xi “ Bxi, 1 ď i ď k. So D|U “ SpantBx1, ¨ ¨ ¨ , Bxku

Remark 6.48. Indeed, completely integrable means an embedding locally. So we

can find an embedding integrable manifold locally for immersed integrable man-

ifold.

Lemma 6.49. LetD be a k-dimensional distribution. ThenD is involutive iff there exists

an open cover U , @U P U , DX1, ¨ ¨ ¨ , Xk P ΓpTUq s.t. D|U “ SpantX1, ¨ ¨ ¨ , Xku and

rXi, Xjs P ΓpD|Uq

Proof. "ñ" is followed by the definition.

"ð" Just need to show D|U is involutive for each U .

@X,Y P ΓpD|Uq, X “

n
ÿ

i“1

f iXi, Y “

n
ÿ

i“1

giXi, f i, gi : U Ñ R. Then

rX,Y s “
ÿ

i,j

f igjrXi, Xjs `
ÿ

i,j

f iXipg
jqXj ´

ÿ

i,j

gjXjpfqXi P ΓpDq (6.22)

Corollary 6.50.

$

’

’

&

’

’

%

Bf

Bx
“ αpx, y, fpx, yqq

Bf

By
“ βpx, y, fpx, yqq

, fpx0, y0q “ z0 has local solution for

@px0, y0, z0q iff
Bα

By
` β

Bα

Bz
“

Bβ

Bx
` α

Bβ

Bz

Proof. ñ is because of
B2f

BxBy
“

B2f

ByBx
.
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"ð" Consider D “ Spant B
Bx

` α B
Bz
, B

By
` β B

Bz
u 2 dimensional distribution on R3.

r
B

Bx
` α

B

Bz
,

B

By
` β

B

Bz
s “

ˆ

Bβ

Bx
` α

Bβ

Bz
´

Bα

By
´ β

Bα

Bz

˙

B

Bz
“ 0

So D is involutive ñ @px0, y0, z0q, DN í R3 s.t. px0, y0, z0q P N , N is an integrable

manifold of D.

N í R3 px,y,zqÞÑpx,yq
ÝÝÝÝÝÝÝÝÑ R2 is a submersion. So N can be locally written as

px, y, fpx, yqq for f : U Ñ R

A k-dimensional foliation is a decomposition M “
ď

s

Ns s.t. (1) Each Ns

is an injective immersed k-dimensional submanifold. (2) @p P M , D local chart

pU, x1, ¨ ¨ ¨ , xnq s.t. @s P S, Ns X U “ Rk ˆ As. As is a countable subset of Rn´k.

Example 6.51. T2 “
ď

s

Ns, Ns “ R ãÑ T2, t ÞÑ px0 ` t,
?
2tq

Theorem 6.52 (Global Frobenius). D is an involutive k-dimensional distribution ñ

D induces a k-dimensional foliation M “
ď

s

Ns such that each Ns is a maximal integral

submanifold of D.

7 de-Rham Cohomology

7.1 Basic Definition

A cochain complex over Z is a graded abelian group C “
â

bPZ
Cn with a deg-1

map d “
â

n

`

dn : Cn Ñ Cn`1
˘

s.t. d2 “ 0.

d is called differential or boundary map

The k-th homology

HkpC, dq :“
kerpdk : Ck Ñ Ck`1q

Impdk´1 : Ck´1 Ñ Ckq
(7.1)
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The denominator is the set of k-boundary. The numerator is the set of k-cycles

Example 7.1. C˚
DRpMq “

â

nPZ
ΩnpMq is homology equipped with the exterior dif-

ferential d. And

HkpC˚
DRpMq, dq “ H˚

DR – HkpM ;Rq (7.2)

where HkpM ;Rq is the singular cohomology.

Given cochain complexed pA, dAq, pB, dBq, a chain map f : pA, dAq Ñ pB, dBq

is a degree 0( i.e. fpAnq Ă Bn) group homomorphism s.t. dB ˝ f “ f ˝ dA.

If f is a chain map, then f maps k-cycles to k-cycles and k-boundariise to k-

boundaries. So f induces f˚ : HkpA, dAq Ñ HkpB, dBq.

Example 7.2. f :P C8pM,Nq ñ f˚ : ΩkpNq Ñ ΩkpMq induces a chain map f˚ :

C˚
DRpNq Ñ C˚

DRpMq ñ f˚ : H˚
DRpNq Ñ H˚

DRpMq satisfies pf ˝ gq˚ “ g˚ ˝ f˚, pidq˚ “

id

Given chain maps f, g : pA, dAq Ñ pB, dBq, a chain homotopy from f to g is a

deg-(-1) map s : A Ñ B s.t. dBs ` ddA “ f ´ g. In this case we write f » g.

Ak´1 Ak Ak`1

Bk´1 Bk Bk`1

fg fgs
fgs

Lemma 7.3. If f s
» g, then f˚ “ g˚H˚pA, dAq ÞÑ H˚pB, dBq

Proof. Take ras P H˚pA, dAq, d˚a “ 0. Then fpaq ´ gpaq “ dBpsaq ` spdAaq “

dBpsaq P ImdB. So f˚ras “ g˚rgs.

Definition 7.4. Given the map f : pA, dAq Ñ pB, dBq, we say f is a chain homotopy

equivalence if Dg : pB, dBq Ñ pA, dAq s.t. g˝f » idA, f ˝g » idB. We call such g the

chain homotopy inverse of f . And we say pA, dAq, pB, dBq are chain homotopic,

denoted as pA, dAq
f
» pB, dBq.
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Corollary 7.5. If pA, dAq
f
» pB, dBq, then f˚ : H˚pA, dAq Ñ H˚pB, dBq is an isomor-

phism.

Proof. Let g : pB, dBq Ñ pA, dAq be the chain homotopy inverse of f . Then g˚˝f˚ “

idH˚pA,dAq, f˚ ˝ g˚ “ idH˚pB,dBq. So f˚ is an isomorphism.

Recall that given smooth manifold M (with boundary), define C˚
dRpMq “

â

iPZ
ΩipMq, d : ΩipMq Ñ Ωi`1pMq the exterior derivative, H˚

dRpMq “ H˚pCdR, dq.

f P C8pM,Nq Ñ chain map f˚ : CdRpNq Ñ CdRpMq, a ÞÑ f˚paq Ñ induced

map f˚ : H˚
dRpNq Ñ H˚

dRpMq.

Theorem 7.6. Given f, g : C8pM,Nq. Then f » g ñ f˚ » g˚ : C˚
dRpNq Ñ C˚

dRpMq.

Hence, f˚ “ g˚ : H˚
dRpNq Ñ H˚

dRpMq by Corollary 7.5

We will use the Whitney approximation theorem over manifolds.

Theorem 7.7 (Whitney Approximation Theorem). Given M,N smooth manifolds.

Given embedded submanifold L ãÑ M . Given a continuous map f : M Ñ N s.t.

f |L : L Ñ N is smooth. Then there is a homotopy H from f to g related to L s.t.

g :M Ñ N is smooth, g|L “ f |L.

7.2 Integration along Fibers

For F compact oriented smooth manifold possibly with boundary, dimF “ l.

M is an n-dimensional smooth manifold possibly with boundaries.

Our goal is to define
ş

F
´ : Ω˚pF ˆ Mq Ñ Ω˚´lpMq s.t. when l “ ˚, this map

ş

F
: ΩlpF q Ñ R is the usual integration.

Now take α P ΩkpF ˆ Mq, we will define
ş

F
α P Ωk´lpMq step by step.

Case i: If D chart pU, x1, ¨ ¨ ¨ , xnq for M s.t. Supppαq Ă V ˆ U and D oriented

chart pV, t1, ¨ ¨ ¨ , tlq for F . Then
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α “
ÿ

IĂt1,¨¨¨ ,lu
JĂt1,¨¨¨ ,mu

|I|`|J |“k

αIJdt
I ^ dxJ , αIJ P C8pV ˆ U,Rq (7.3)

If I0 “ t1, ¨ ¨ ¨ , lu, define

ż

F

αI0Jdt
I0 :U Ñ R

p ÞÑ

ż

Fˆtpu

: αI0J |Fˆtpudt
1 ^ ¨ ¨ ¨ dtl

Now define

ż

F

α “
ÿ

JĂt1,¨¨¨ ,mu

|J |“k´l

ˆ
ż

F

αI0,Jdt
I0

˙

¨ dxI P Ωk´lpMq (7.4)

It can be generalized to all α and easy the check it is independent with the choice

of chart.

Case ii: D local chart pU, x1, ¨ ¨ ¨ , xnq for M s.t. Supppαq Ă F ˆ U . Take an

oriented atlas V “ tpVi, φiqu1ďiďn for F , and partition of unity ρi : F Ñ r0, 1s

subordinate to V . Let rρi be composition F ˆ M
p
ÝÑ F

ρi
ÝÑ r0, 1s. Then Suppprρi,αq Ă

Vi ˆ U . We define
ş

F
α “

ÿ

1ďiďn

ż

F

prρiαq. Easy to check it is independent with the

choice of U,V , tρiu.

Case iii: For a general α P ΩkpF ˆ Mq, take an atlas U “ tUi, ψiuiPI of M

and partition of unity τi : M Ñ r0, 1s subordinate to U . Let rτi be composition

F ˆ M
p
ÝÑ M

τi
ÝÑ r0, 1s.

Then Suppprτiαq Ă F ˆ Ui. Define
ş

F
α “

ÿ

iPI

ż

F

prτiαq. Easy to check it is inde-

pendent with the choice of U , tτiu.

Remark 7.8. π : E Ñ M proper submersion. One theorem tells us that π is exactly
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a smooth fiber with compact fiber F “ π´1p˚q. For instance, the Hopf map

π : S3 Ñ S2, pz1, z2q P C2 ÞÑ
z1
z2

P C Y t8u

is a smooth fiber with compact fiber.

Then we can generalize above constrution and define π1 “
ş

F
´ : Ω˚pEq Ñ

Ω˚´dimpF qpMq

Remark 7.9. If also works if F is not compact,

ż

F

´ : Ω˚
c.F pF ˆ Mq Ñ Ω˚pMq (7.5)

where Ω˚
c.F pF ˆ Mq “ tα P Ω˚pF ˆ Mq|Supppαq

Projection
ÝÝÝÝÝÑ M is properu, viewed as

the set of forms with compact fiber.

Theorem 7.10. F is compact, then for any α P ΩkpF ˆ Mq, we have

d

ˆ
ż

F

α

˙

`

ż

F

pdαq “

ż

BF

pα|BFˆMq (7.6)

For the special case M “ ˚,
ş

F
dα “

ş

BF
α|BF is exactly the stokes theorem.

For the special case F “ r0, 1s, d
`ş

F
α
˘

`
ş

F
pdαq “

ş

M
α|t1uˆM ´

ş

M
α|t0uˆM .

We prove only this.

By partition of unity and linearity, we may assume Supppαq Ă r0, 1s ˆ U for

some chart pU, x1, ¨ ¨ ¨ , xmq of M .

α “
ÿ

JĂt1,¨¨¨ ,mu

}J |“k

αJdx
J `

ÿ

JĂt1,¨¨¨ ,mu

}J |“k´1

αJdt
1 ^ dxJ (7.7)

By linearity agian, we may assume α “ αJdx
J or α “ αJdt ^ dJ .

For α “ αJdt ^ dJ , we have
ş

F
α “ 0, d

`ş

F
α
˘

“ 0. dα “
BαJ
Bt

dt ^ dαJ `
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ÿ

1ďi0ďm

BαJ
Bxi0

dxi0 ^ dxJ . Then

ż

F

dα “

ˆ
ż 1

0

BαJ
Bt

dt

˙

¨dxJ “ αJ |t1uˆM ¨dxJ´αJ |t0uˆMdxJ “ α|t1uˆM´α|t0uˆM (7.8)

So d
`ş

F
α
˘

`
ş

F
pdαq “

ş

M
α|t1uˆM ´

ş

M
α|t0uˆM .

For α “ αJdt ^ dxJ ,
ş

F
α “

´

ş1

0
αJdt

¯

dxJ ,

d

ż

F

α “
ÿ

1ďi0ďm

B

Bxi0

ˆ
ż 1

0

αJdt

˙

dxi0 ^ dxJ “
ÿ

1ďi0ďm

ˆ
ż 1

0

BαJ
Bxi0

dt

˙

dxi0 ^ dxJ (7.9)

dα “ ´
ÿ

1ďi0ďm

BαJ
Bxi0

dt ^ dxi0 ^ dxJ (7.10)

So
ş

F
dα “ ´

ÿ

1ďi0ďm

ˆ
ż 1

0

BαJ
Bxi0

dt

˙

dxi0 ^ dxJ . Hence d
ş

F
α `

ş

F
dα “ 0 “ 0 ´ 0.

Proof of Theorem 7.6. Let H : r0, 1s ˆ M Ñ N be a homotopy from f to g. By

Whitney approximation theorem 7.7, we may assume H is a smooth map. Define

s : Ω˚pNq Ñ Ω˚´1pMq, spαq “
ş

I
H˚pαq. H˚pαq P Ω˚pI ˆ Mq. Then

pds ` sdqα “ d

ż

I

H˚α `

ż

I

H˚pdαq

“ d

ż

I

H˚α `

ż

I

dH˚pαq

“ H˚α|t1uˆM ´ H˚α|t0uˆM

“ g˚pαq ´ f˚pαq

(7.11)

So s is a chain homotopy between f˚, g˚ : C˚
dRpNq Ñ C˚

dRpMq.

Corollary 7.11. f P C8pM,Nq, f is a homotopy equivalence ñ f˚ : H˚
dRpNq Ñ

H˚
dRpMq is an isomorphism.
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Corollary 7.12 (Poincáre Lemma). Hk
dRpRnq “

$

’

’

&

’

’

%

0 k ą 0

R k “ 0

. i.e. Any closed k-form

on Rn with k ą 0 is exact.

Proof. Take constant c : Rn »
ÝÑ ˚ being a homotopy equivalence

Then c˚ : H˚
dRppointq Ñ Hk

dRpRnq is an isomorphism. But Ωkppointq “
$

’

’

&

’

’

%

R k “ 0

0 k ą 0

. So

HkpRnq “ Hk
dRppointq –

$

’

’

&

’

’

%

R k “ 0

0 k ą 0

7.3 Mayer-Vietoris sequence

7.3.1 Some algebraic constructions

A sequence of maps between groups ¨ ¨ ¨ Ñ Gi´1
fi´1
ÝÝÑ Gi

fi
ÝÑ Gi`1 Ñ ¨ ¨ ¨ is

exact at Gi if kerpfiq “ Impfi´1q. We say the sequence is exact if it is exact at every

Gi.

A short exact is an exact sequence of the form 0 Ñ G1
f
ÝÑ G2

g
ÝÑ G3 Ñ 0. i.e.

f is injective, g is surjective and kerpfq “ Impgq.

A short exact sequence of cochain complexed is a sequence 0 Ñ A˚ f
ÝÑ B˚ g

ÝÑ

C˚ Ñ 0 where A˚, B˚, C8 are cochain complexes, f, g are cochain maps, and @k,

the sequence 0 Ñ Ak
f
ÝÑ Bk g

ÝÑ Ck Ñ 0 is exact.
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...
...

...

0 Ak´1 Bk´1 Ck´1 0

0 Ak Bk Ck 0

0 Ak`1 Bk`1 Ck`1 0

...
...

...

f g

f g

f g

Given short exact sequence of cochain complexed 0 Ñ A˚ f
ÝÑ B˚ g

ÝÑ C˚ Ñ 0,

we define a boundary map B : HkpC˚q Ñ Hk`1pA˚q as follows:

Take any rc0s P HkpC˚q, c0 P Ck, dc0 “ 0. g is surjective so Db0 P Bk s.t.

gpb0q “ c0, and gpdb0q “ dc0 “ 0. So Da0 P Ak`1 s.t. fpa0q “ db0, fpda0q “ dfpa0q “

d2b0 “ 0. Since f is injective, da0 “ 0. Set Brc0s “ ra0s.

b0 c0

a0 db0 0

da0 0

f g

f

Lemma 7.13. B : HkpC˚q Ñ Hk`1pA˚q is well-defined

Proof. If we choose another b1 s.t. gpb1q “ gpb0q “ c0. Then

gpb0 ´ b1q “ 0 ñ b0 ´ b1 “ fpa2q for some a2 P Ak

ñ db0 ´ db1 “ dfpa2q “ fpda2q

fpa0q “ db0, fpa1q “ db1 ñ fpa0 ´ a1q “ db0 ´ db1 “ fpda2q

ñ a0 ´ a1 “ da2
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ñ ra0s “ ra1s P Hk`1pA˚q

If we choose c1 with rc1s “ rc0s P HkpC˚q. Then Dc2 P Ck´1 s.t. c1 “ c0 ` dc2.

Take any b2 P Bk´1 s.t. gpb2q “ c2. Then gpdb2q “ dc2 “ c1 ´ c0. Pick b0 s.t.

gpb0q “ c0 ñ gpb0 ` db2q “ c1. So we may pick b1 “ b0 ` db2. Then db1 “ db0 ñ

a1 “ a0.

Lemma 7.14 (Snake Lemma). Given short exact sequence of cochain complexed 0 Ñ

A˚ f
ÝÑ B˚ g

ÝÑ C˚ Ñ 0, the sequence

Hk`1pC˚q Hk`1pB˚q Hk`1pA˚q

HkpC˚q HkpB˚q HkpA˚q

Hk´1pC˚q Hk´1pB˚q Hk´1pA˚q

¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ 0

Ð

Ñg˚

Ð

Ñf˚

Ð

Ñ

B

Ð

Ñg˚

Ð

Ñf˚

Ð

Ñ

B

Ð
Ñg˚

Ð
Ñf˚

Ð

Ñ

B

Ð

Ñ

Ð

Ñ

Ð

Ñ

is exact For simplicity, short exact sequence of cochain complexes induces long exact se-

quence on homotopy.

Proof. Exactness at HkpB˚q: g ˝ f “ 0 ñ g˚ ˝ f˚ “ 0 ñ Imf Ă ker g˚.

Take any rbs P ker g˚, b P B˚, db “ 0, then rgpbqs “ g˚prbsq “ 0. So gpbq P Imd

i.e. D c P Ck´1 s.t. dc “ gpbq.

Pick b1 P Bk´1 s.t. gpb1q “ c. Then rbs “ rb ´ db1s. gpb ´ db1q “ 0 ñ Da s.t.

fpaq “ b´ db1. fpdaq “ 0 ñ da “ 0. Then f˚paq “ rb´ db1s “ rbs. So ker g˚ Ă Imf˚.

Exactness at HkpC˚q: If rc0s Ă kerpBq. Then ra0s “ 0 P Hk`1pA˚q i.e. Da2 P Ak

s.t. a0 “ da2. Set b2 “ b0 ´ fpa2q. Then db2 “ db0 ´ fpa0q “ 0. So rb2s P HkpB˚q,

gpb2q “ gpb0q “ c0. So rc0s “ g˚prb2sq P Img˚.
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If rc0s P Impg˚q, then Drbs P HkpB˚q s.t. g˚rbs “ rc0s. Set c1 “ gpbq, b1 “ b.

Then rc1s “ rc0s. Then db1 “ 0. So a1 “ 0 ñ Brc1s “ Brc0s “ ra1s “ 0. Then

Impg˚q Ă kerpBq.

Exactness at

Now we consider M “ U1 Y U2 for U1, U2 open subsets. The inclusion maps

are i1, i2, j1, j2.

U1 X U2

U1 U2

M

i1 i2

j1 j2

Lemma 7.15. The sequence 0 Ñ Ω˚pMq
pj˚

1 ,j
˚
2 q

ÝÝÝÝÑ Ω˚pU1q
À

Ω˚pU2q
i˚1 ´i˚2
ÝÝÝÑ Ω˚pU1 X

U2q Ñ 0 is exact.

Proof. pj˚
1 , j

˚
2 q is injective. α P ΩkpMq. If pj˚

1 , j
˚
2 qpαq “ 0, then α|U1 “ α|U2 “ 0. So

α “ 0.

Exactness at Ω˚pU1q
À

Ω˚pU2q: If pα1, α2q P kerpi˚1 ´ i˚2q, then α1|U1XU2 “

α2|U1XU2 . Set α P Ω˚pMq s.t. α|U1 “ α1, α|U2 “ α2. Then pα1, α2q “ pj˚
1α, j

˚
2αq.

If pα1, α2q P Impj˚
1 , j

˚
2 q. Let α1 “ α|U1 , α2 “ α|U2 , then pi˚1 ´ i˚2qpα1, α2q “

α|U1XU2 ´ αU1XU2 “ 0. So pα1, α2q P kerpi˚1 ´ i˚2q.

i˚1 ´ i˚2 is surjective. Take any α12 P Ω˚pU1 X U2q. Take a partition of unity

tρi : M Ñ r0, 1sui“1,2, ρ1 ` ρ2 ” 1, Supppρ0q Ă Ui. Then Supppρiq X U2 Ă U1 X U2.

So we may define αi P Ω˚pUiq by

αi,p “

$

’

’

&

’

’

%

p´1qi´1ρippq ¨ α12,p p P U1 X U2

0 p P UizpU1 X U2q

(7.12)

Then α1|U1XU2 ´ α2|U1XU2 “ ρ1ppqα12 ` ρ2ppqα12 “ α12.
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Apply the snake lemma 7.14, we obtain

Theorem 7.16 (Mayer-Vietoris sequence). The sequence

¨ ¨ ¨ Hk`1
dR pUq ‘ Hk`1

dR pV q Hk`1
dR pMq

Hk
dRpU X V q Hk

dRpUq ‘ Hk
dRpV q Hk

dRpMq

Hk´1
dR pU X V q Hk´1

dR pUq ‘ Hk´1
dR pV q ¨ ¨ ¨ 0

Ð

Ñ

Ð

Ñ

Ð

Ñ

d

Ð

Ñ

Ð

Ñ

Ð

Ñ

d

Ð

Ñ

Ð

Ñ

Ð

Ñ

is exact

Example 7.17. For Sn “ U X V where

U “ Snztp1, 0, ¨ ¨ ¨ , 0qu, V “ Snztp´1, 0, ¨ ¨ ¨ , 0qu, U X V “ Snztp˘1, 0, ¨ ¨ ¨ , 0qu

U, V » ˚, U X V » Sn´1. So the M.V. sequence

0 H0
dRpS1q H0p˚q ‘ H0p˚q H0

dRpS0q H1
dRpS1q 0

0 R R ‘ R R ‘ R R 0

δ

Then H0
dRpS1q “ ker δ “ R, H1

dRpS1q “ cokerδ “ R.

And for k ě 1, the Mayer-sequence

0 Hk
dRpSn´1q Hk`1

dR pSnq 0

implies Hk
dRpSn´1q – Hk`1

dR pSnq. Therefore, by induction, we have

Hk
dRpSnq “

$

’

’

’

’

’

&

’

’

’

’

’

%

R n “ k

R k “ 0

0 otherwise

(7.13)
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Example 7.18. For M “ CPn, U1 “ Mztr1, 0, ¨ ¨ ¨ , 0su, U2 “ Mztr0, ˚, ˚, ¨ ¨ ¨ , ˚su.

Then
U1 “ trx0, ¨ ¨ ¨ , xns|x1, ¨ ¨ ¨ , xn not all zerou

» tr0, x1, ¨ ¨ ¨ , xns|x1, ¨ ¨ ¨ , xn not all zerou

» CPn´1

U2 “ Mztr0, ˚, ¨ ¨ ¨ , ˚su “ tr1, ˚, ¨ ¨ ¨ , ˚su – Cn

U1 X U2 – U2ztr1, 0, ¨ ¨ ¨ , 0su – Cnzt0u » S2n´1

Claim. Hk
dRpCPnq –

$

’

’

&

’

’

%

R k even 0 ď k ď 2n

0 otherwise
.

Prove the claim by induction. For n “ 1, CP1 – S2 is true.

Suppose we have proved it for CPn´1. Apply Mayer-Vietoris sequence toM “

U1 Y U2,

H i´1
dR pS2n´1q Ñ H i

dRpCPnq Ñ H i
dRpCPn´1q ‘ H i

dRpCnq Ñ H i
dRpS2n´1q (7.14)

Then for i ‰ 2n ´ 1, 2n,

0 Ñ H i
dRpCPnq

–
ÝÑ H i

dRpCPn´1q Ñ 0 (7.15)

For 2n ´ 1, 2n,

0 “ H2n´1
dR pCPn´1q Ñ H2n´1

dR pS2n´1q
–
ÝÑ H2n

dRpCPnq Ñ H2n
dRpCPn´1q “ 0 (7.16)

0 “ H2n´2
dR pS2n´1q Ñ H2n´1

dR pCPnq Ñ H2n´1
dR pCPn´1q “ 0
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Remark 7.19. H˚pMq is a ring where

rαs ¨ rβs “ rα ^ βs (7.17)

It’s graded commutative since

rαs ¨ rβs “ p´1qklrβs ¨ rαs for rαs P HkpMq, β P H lpMq (7.18)

Any f :M Ñ N induces ring homomorphism f˚ : H˚
dRpNq Ñ H˚

dRpMq.

Indeed, H˚
dRpCPnq – Rrxs{px

n`1q, where x generates H2
dRpCPnq.

Proposition 7.20. A Ř Rn closed. Then

H i`1
dR pRn`1zt0u ˆ Aq – H i

dRpRnzAq, i ą 0 (7.19)

H1
dRpRn`1zt0u ˆ Aq – H0

dRpRnzAq{R¨1 (7.20)

Proof. Rn`1zt0u ˆ A “ U1 Y U2 where

U1 “ pRă0 ˆ Rnq Y pr0, 1q ˆ pRnzAqq

U2 “ pRą0 ˆ Rnq Y pp´1, 0s ˆ pRnzAqq

U1 X U2 – p´1, 1q ˆ pRn ˆ Aq

Then there exists a deformation retraction r0, 1s ˆ U1 Ñ U1, pt, px0, x1, ¨ ¨ ¨ , xnqq ÞÑ

ptx0 ` p1 ´ tqp´1q, x1, ¨ ¨ ¨ , xnq. Then U1 – t´1u ˆ Rn » ˚. U2 » ˚, U1 X U2 » RnzA.

The Mayer-Vietoris sequence gives

H i
dRpU1q‘H i

dRpU2q Ñ H i
dRpU1 XU2q

B
ÝÑ
–
H i`1
dR pRn`1zt0uˆAq Ñ H i`1

dR pU1q‘H i`1
dR pU2q

for i ą 0.
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The case i “ 0 is similar.

Lemma 7.21. A Ă Rm, B Ă Rn closed, f : A
–
ÝÑ B. Then Rn`mzt0u ˆ B –

Rn`mztpx, fpxqq|x P Au – Rn`mzA ˆ t0u.

Proof. A –
ÝÑ
f
B ãÑ Rn. By Tietz extension theorem, there exists rf : Rm Ñ Rn s.t.

rf |A “ f .

Consider pf : Rm ˆ Rn –
ÝÑ Rm ˆ Rn, px, yq ÞÑ px.y ` pfpxqq. Then pfpA ˆ t0uq “

tpx, fpxqq|x P Au ñ Rn`mzt0u ˆ B – Rn`mztpx, fpxqq|x P Au – Rn`mzA ˆ t0u.

Special case, if A,B Ă Rn closed, A – B, then R2nzA ˆ t0u – R2nzB ˆ t0u.

It directly follows that

Theorem 7.22. A,B Ă Rn closed, A – B under homeomorphism. ñ H˚
dRpRnzAq –

H˚
dRpRnzBq.

Proof. By proposition 7.20

H˚
dRpRnzAq – H˚`n

dR pR2nzA ˆ t0uq – H˚`n
dR pR2nzB ˆ t0uq – H˚pRnzBq

Example 7.23. A knot is an embedded S1 ãÑ R3. So @ knot K,

H i
dRpR3zKq – H i

dRpR3zcircleq –

$

’

’

&

’

’

%

R i “ 0, 1, 2

0 otherwise
(7.21)

Corollary 7.24. A Ă Rn closed, A – Sn´1 ñ RnzA has two components U1, U2 where

U1 is bounded and U2 is unbounded. Moreover, BU1 “ BU2 “ A.

Proof. H0
dRpRnzAq – H0

dRpRnzSn´1q – R ⟨π0pRnzSn´1q⟩ “ R ‘ R.

So RnzA has two components U1, U2.
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Take L “ maxt}x}|x P Au ` 1, V “ tx P Rn|}x} ą Lu. V Ă RnzA connected and

unbounded. V Ă U1 so U1 is unbounded ñ U2 Ă RnzV is unbounded.

The proof of BU1 “ BU2 “ A is omitted. See Madsen-Trnehave.

Corollary 7.25. A Ă Rn, A Ă Dk ñ RnzA is connected.

Theorem 7.26 (Invariance of domain). Let U be an open subset of Rn. Let f : U Ñ

Rn be continuous and injective map. Then fpUq is also open in Rn. And f sends U

homeomorphically to fpUq

Proof. It suffices to show fpUq is open. Since for any W Ă U open, fpW q is open

in fpUq. So f |U : U Ñ fpUq is open.

Take any x0 P U , want to show fpx0q. Take D “ tx P Rn|}x ´ x0} ď δu Ă U .

Then Σ “ fpBDq – Sn´1. So RnzΣ has 2 components U1, U2, where U1 is bounded

and U2 is unbounded.

RnzfpDq is connected so RnzfpDq Ă U2. So U1 Y Σ “ RnzU2 Ă fpDq “

fpintpDqq \ Σ ñ U1 Ă fpintpDqq.

Since fpintpDqq is connected, fpintpDqq Ă U ñ fpintpDqq “ U1. So fpx0q P U1 Ă

intfpUq.

Corollary 7.27. If m ą n, U Ă Rm open, then there is no injective continuous map

U Ñ Rn

Proof. If f : U Ñ Rn ãÑ Rm. Then fpUq not open in Rm, which causes contradic-

tion.

Corollary 7.28. U Ă Rm, V Ă Rm open. U – V ñ m “ n.

7.4 Compact supported de Rham cohomology

Define H˚
dR,cpMq “ H˚pΩ0pMq ` Ω1pMq ` ¨ ¨ ¨ q, abbreviated to H˚

c pMq.
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If M is compact, then H˚
dR,cpMq – H˚

dRpMq. But it is not true for M not com-

pact. The following is a counterexample.

Theorem 7.29. LetM be connected and oriented n-dimentional manifold without bound-

ary. Then the map Hn
c pMq

–
ÝÑ R, rαs ÞÑ

ş

M
α is a well-defined isomorphism. Moreover,

if M is closed and connected, then Hn
dRpMq – R

Remark 7.30. Well-defineness: If rαs “ rα1s, then α ´ α1 “ dβ. By Stokes theorem

6.12,
ş

M
α “

ş

M
α1.

Proposition 7.31. If α P Ωn
c pRnq,

ş

Rn α “ 0 ñ Dβ P Ωn´1
c pRnq s.t. dβ “ α.

Note that if α “ fdx1 ^ ¨ ¨ ¨ ^ dxn, β “

n
ÿ

i“1

p´1qi´1fidx1 ^ ¨ ¨ ¨ ^ xdxi ^ ¨ ¨ ¨ ^ dxn.

Then α “ dβ iff f “

n
ÿ

i“1

Bfi
Bxi

.

So the proposition is equivalent to @f P C8
c pRnq,

ş

Rn fdx1 ^ ¨ ¨ ¨ ^ dxn “ 0 ñ

Df1, ¨ ¨ ¨ , fn P C8
c pRnq s.t. f “

n
ÿ

i“1

Bfi
Bxi

.

Prove it by induction. For n “ 1, f1pxq “
şx

´8
fptqdt. f1 P C8

c pRq, f 1
1 “ f .

Suppose n is proved, f P C8
c pRn`1q,

ş

Rn`1 fdx1 ^ ¨ ¨ ¨ ^ dxn`1 “ 0.

Define g P C8
c pRnq by gpx1, ¨ ¨ ¨ , xnq “

ż 8

´8

fpx1, ¨ ¨ ¨ , xn`1qdxn`1. Then
ş

Rn gdx1 ^ ¨ ¨ ¨ ^ dxn “ 0.

By induction, D g1, ¨ ¨ ¨ , gn P C8
c pRnq s.t. g “

n
ÿ

i“1

Bgi
Bxi

.

Take ρ P C8
c pRq s.t.

ż 8

´8

ρdx “ 0. Define fi : Rn`1 Ñ R by fipx1, ¨ ¨ ¨ , xn`1q “

gipx1, ¨ ¨ ¨ , xnq ¨ ρpxn`1q.

Set h “ f ´

n
ÿ

i“1

Bfi
Bxi

. Then for @px1, ¨ ¨ ¨ , xnq,

ż 8

´8

hpx1, ¨ ¨ ¨ , xn`1qdxn`1 “

ż 8

´8

fpx1, ¨ ¨ ¨ , xn`1q´

ż 8

´8

ρpxn`1qdxn`1¨

˜

n
ÿ

i“1

Bgi
Bxi

¸

“ 0

Set fn`1px1, ¨ ¨ ¨ , xn`1q “
şxn`1

´8
hpx1, ¨ ¨ ¨ , xn, tqdt. Then

Bfn`1

Bxn`1

“ h and f “

n`1
ÿ

i“1

Bfi
Bxi

.

94



Corollary 7.32. Hn
c pRnq

–
ÝÑ R, rαs ÞÑ

ş

Rn α is an isomorphism.

Lemma 7.33. @α P Ωn
c pRnq, @U Ă Rn open, Dβ P Ωn´1

c pRnq s.t. Supppα ´ dβq Ă U

Proof. Pick α1 P Ωn
c pUq Ă Ωn

c pRnq s.t.
ş

U
α1 “

ş

Rn α.

Then Dβ P Ωn´1
c pRnq s.t. α ´ α1 “ dβ. So Supppα ´ dβq “ Supppα1q Ă U .

This lemma tells us every α P Hn
c pRq can be restricted to Hn

c pUq.

Lemma 7.34. M connected. Given charts U1
φ1
ÝÑ Rn, U2

φ2
ÝÑ Rn, α1 P Ωn

c pU1q. Dβ P

Ωn´1
c pMq s.t. Supppα1 ´ dβq Ă U2.

This lemma tells us every n-form with compact support in a chart can be trans-

formed to a n-form with compact support in the next chart.

Proof. We can find charts tVi – Rnu1ďiďk s.t. V1 “ U1, Vk “ U2, Vi X Vi`1 ‰ H.

By previous lemma, Dβi P Ωn´1
c pViq s.t. Supppαi´dβiq Ă ViXVi`1 Ă V2. Define

αi`1 “ αi ´ dβi P Ωn
c pVi`1q.

Then we obtain β1, ¨ ¨ ¨ , βn´1 s.t. Supppα1 ´

n´1
ÿ

i“1

dβiq Ă Vk “ U2.

Proof of Theorem 7.29. We have proved the well-definedness by Stokes formula

and sujevectivity straight forward.

Injevtivity: Given α P Ωn
c pMq,

ş

M
α “ 0. Using partition of unity, decompose

α “ α1 ` ¨ ¨ ¨ ` αk s.t. Supppαiq compact, Supppαiq Ă Ui – Rn.

By previous lemma, @2 ď i ď k, Dβi P Ωn´1
c pMq s.t. Supppαi ´ dβiq Ă U1.

Then α1 “ α ´

k
ÿ

i“2

dβi P Ωn
c pU1q.

ż

U1

α1 “

ż

M

α “ 0.

So Dβ1 P Ωn
c pU1q Ă Ωn

c pMq s.t. α1 “ dβ1. Set β “

n
ÿ

i“1

βi. Then α “ dβ.

Given n-dimensional connected, oriented, closed manifold M,N , f : M Ñ N .

The mapping degree of f is defined by

R
ş

N
– HnpNq

f˚

ÝÑ HnpMq

ş

M
– R, 1 ÞÑ degpfq
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Equivalently, @α P ΩnpNq, we have
ş

M
f˚pαq “ degpfq

ş

N
α.

Then degpfq is invariant under homotopy.

If M “ M1 \ M2 \ ¨ ¨ ¨ \ Mk, then define degpf : M Ñ Nq :“
k
ÿ

i“1

k
ÿ

i“1

degpf |Mi
:

Mi Ñ Nq.

There is an alternative definition. For f : M Ñ N , take a regular value y

of f , i.e. @x P f´1pyq, f˚ : TxM Ñ TyN is surjective. Then @x P f´1pUq, D

neighbourhood Ux of x, Vy of y s.t. f |Ux : Ux
–
ÝÑ Vy by inverse function theorem.

In particular, f´1pyq is discrete. M is compact implies that f´1pyq “ tx1, ¨ ¨ ¨ , xku.

Define local degree degpf, xiq “

$

’

’

&

’

’

%

1 if f˚ : TxiM
–
ÝÑ TyN is orientation preserving

´1 otherwise

Theorem 7.35. @ regular value y of f , degpfq “
ÿ

xPf´1pyq

degpf, xq P Z

Proof. For f´1pyq “ tx1, ¨ ¨ ¨ , xnu, D neighborhood Ui of xi, Vi of y s.t. f |Ui
: Ui

–
ÝÑ

Vi. Let V neighborhood of y s.t. f´1pV q Ă

k
ď

i“1

Ui.

Take α P ΩnpNq s.t. Supppαq Ă V
č

p

k
č

i“1

Viq,
ş

N
α ‰ 0, then Supppf˚αq Ă

f´1pV q Ă

k
ď

i“1

Ui.

ş

M
f˚pαq “

k
ÿ

i“1

ż

Ui

f˚α “

k
ÿ

i“1

degpf, xiq ¨

ż

N

α since

degpf, xiq “ 1 ô f |Ui
is oreientation preserving ô

ż

Ui

f˚α “

ż

Vi

α “

ż

N

α

degpf, xiq “ ´1 ô f |Ui
is oreientation reversing ô

ż

Ui

f˚α “ ´

ż

Vi

α “ ´

ż

N

α

So degpfq “

k
ÿ

i“1

degpf, xiq.

Corollary 7.36. If f is not surjective (after homotopy) then degpfq “ 0
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ForX P ΓpTMq, p P M is an isolated singular point. Then D open U φ
ÝÑ
–

Rn, p ÞÑ

0⃗ of p s.t. Xq ‰ 0 @q P Uztpu. Define the local index of X at p by

pX, pq “ deg

ˆ

φ˚pX|Uq

|φ˚pX|Uq
: Sn´1 Ñ Sn´1

˙

P Z

where φ˚pX|Uq P ΓpRnq “ C8pRn,Rnq maps 0 to 0.

Example 7.37. M “ R2, X “ xBx ` yBy. Then pX, 0q “ 1.

Theorem 7.38 (Poincáre-Hopf). Let M be oriented closed manifold. X vector field with

only isolated singularity. Then
ÿ

tp|Xp“0u

pX, pq “ χpMq is the Euler characteristic of M ,

i.e.
dimpMq
ÿ

k“0

p´1qkbk, bk “ dimRH
k
dRpMq.

Theorem 7.39 (Poincáre duality theorem). M is oriented n-dimensional manifold

withour boundary. Then the bilinear map HkpMq ˆ Hn´k
c pMq Ñ R, prαs, rβsq ÞÑ

ş

C
α ^ β induces DM : HkpMq Ñ

`

Hn´k
c pMq

˘˚ which is always an isomorphism.

Proposition 7.40. Hk
c pRnq “

$

’

’

&

’

’

%

R k “ n

0 k ‰ n

Proof. We have proved for k “ n. For k “ 0, α P Ω0
cpRnq, dα “ 0 ñ α “ 0.

For 1 ă k ă n, α P Ωk
c pRnq, dα “ 0. We want to find β P Ωk´1

c pRnq s.t. α “ dβ.

Rn “ Snzt8u. Regard α as an element in ΩkpSnq, dα “ 0. HkpSnq “ 0 ñ

Dβ1 P Ωk´1pSnq, dβ1 “ α.

Take open neighborhood U – Rn of t8u P Sn s.t. α|U “ 0 ñ dpβ1|Uq “ 0. If

k “ 1, β1|U ” C. Set β “ β1 ´ C, β|U ” 0 so β P Ωk´1
c pRnq. If k ą 1, Hk´1pUq “ 0

ñ Dγ P Ωk´2pUq s.t. β|U “ dγ. Extend γ to γ1 P Ωk´2pSnq. Set β “ β1 ´ dγ1. Then

β|U “ β1|U ´ dγ “ 0 so β P Ωk´1
c pRnq and dβ “ dβ1 ´ d2γ1 “ α.

So we prove that DM is an isomorphism when M “ Rn.
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For U i
ãÑ V , U, V open in M . The map Ω˚

c pUq
i˚
ÝÑ Ω˚

c pV q, α ÞÑ i˚pαqp “
$

’

’

&

’

’

%

αp p P U

0 p R U

Lemma 7.41. The sequence

0 Ñ Ω˚
c pU1 X U2q

pi1,˚,i2,˚q
ÝÝÝÝÝÝÑ Ω˚

c pU1q ‘ Ω˚
c pU2q

j˚
1 ´j˚

2
ÝÝÝÝÑ Ω˚

c pU1 Y U2q Ñ 0

is exact. Moreover, by snake lemma 7.14, we have M.V. sequence for H˚
c p´q:

H˚
c pU1 X U2q Ñ H˚

c pU1q ‘ H˚
c pU2q Ñ H˚

c pU1 Y U2q
B
ÝÑ Hk`1

c pU1 X U2q Ñ ¨ ¨ ¨

Take dual, we get

¨ ¨ ¨
`

Hk
c pU1 X U2q

˘˚ `

Hk
c pU1q

˘˚
‘

`

Hk
c pU2q

˘˚ `

Hk
c pU1 X U2q

˘˚
´

Hk`1
c pU1 X U2q

¯˚
¨ ¨ ¨

¨ ¨ ¨ Hn´kpU1 X U2q Hn´kpU1q ‘ Hn´kpU2q Hn´kpU1 Y U2q Hn´k´1
c pU1 X U2q ¨ ¨ ¨

DU1XU2
DU1

‘DU2
DU1YU2

B

DU1XU2

Lemma 7.42. The diagram commutes.

Lemma 7.43 (The five lemma). If the diagram commutes, f1, f2, f4, f5 are isomor-

phisms, then f3 is an isomorphism.

A1 A2 A3 A4 A5 exact

B1 B2 B3 B4 B5 exact

f1 f2 f3 f3 f5

Lemma 7.44. @M , D locally finite open cover U “ tUiuiPI s.t. @J Ă I ,
č

iPJ

Ui –

$

’

’

&

’

’

%

H

Rn

.
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8 Classical Differential Geometry

8.1 The geometry of curves and surfaces

A parametrized curve is a smooth map α : I “ pa, bq Ñ R3. tpsq “ α1psq is

called the tangent vector at αpsq.

A reparametrization of α means pa1, b1q
–
ÝÑ pa, bq

α
ÝÑ R3.

We say α is a regular curve if tpsq ‰ 0, @s P I .

We say α is parametrized by its arc length if |tpsq| “ 1, @s P I . (It can be

obtained by reparametrization)

Always assume α is parametrized by its arc length.

Define Kpsq“ |α2psq| P Rě0, the curvature of α at αpsq.

If Kpsq ‰ 0, we may define the normal vector npsq “
α2psq

Kpsq
. Then 0 “

d

ds
⟨α1psq, α1psq⟩ “ 2 ⟨α2psq, α1psq⟩. ñ npsq K tpsq. The osculating plane of α at αpsq

is Span ⟨tpsq, npsq⟩. And binormal vector bpsq “ tpsq ˆ npsq. Then tpsq, npsq, bpsq is

an orthogonormal basis of TαpsqR3. b1psq “ t1psq ˆnpsq ` tpsq ˆn1psq K tpsq, bpsq. So

b1psq “ τpsq ¨ npsq for some τ : I Ñ R. τpsq is called the torsion of α at αpsq.

Proposition 8.1 (Frenet formula).

$

’

’

’

’

’

&

’

’

’

’

’

%

t1 “ Kn

n1 “ ´Kt ´ τb

b1 “ τn

.

Proof. n1psq “ pbpsq ˆ tpsqq1 “ τpsqnpsq ˆ tpsq ` bpsq ˆ pKpsq ¨ npsqq “ ´τpsqbpsq ´

Kpsqtpsq. The other two are straight forward.

Theorem 8.2. Given any smooth function K : I Ñ Rą0, τ : I Ñ R, there exists a curve

α parametrized by its arc length s s.t. Kpsq is its curvature and τpsq is its torsion. Any

two such curves differ by a rotation and a translation in R3. i.e. @α1, α2, Dρ P SOp3q,

c P R3 s.t. α2 “ ρ ˝ α1 ` C.
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Proof. Uniqueness: After rotation and translation, one can assume α1p0q “ α2p0q,

t1p0q “ t2p0q, n1p0q “ n2p0q, b1p0q “ b2p0q. By the uniqueness of ODE, t1psq “ t2psq,

@s P I . Hence α1 “ α2.

Existence: Solve the Frenet formula 8.1 with any initial ptp0q, np0q, bp0qq. We

get a local solution tpsq, npsq, bpsq : I 1 Ñ R3 with maximal domain. Want to show

I 1 “ I . Just need to show |tpsq|, |npsq|, |bpsq| are bounded when s P K Ă I in a

compact set K.

Then DA P Rą0 s.t. |Kpsq|, |τpsq| ď A, @s P K.

d

ds
p|tpsq| ` |npsq| ` |bpsq|q ď |t1psq| ` |n1psq| ` |b1psq| ď 2Ap|tpsq ` |npsq| ` |bpsq|q

ñ |tpsq| ` |npsq| ` |bpsq| ď e2As ¨ p|tp0q| ` |np0q| ` |bp0q|q

So I 1 “ I by continuity.

Let αpsq “ α1p0q `
şs

0
tpsqdx. Then α has the given curvature and torsion.

8.2 Theory of surfaces in R3

A smooth embedded surface S ι
ãÝÑ R3 is called a regular surface.

We identify S with ιpsq. Then TpS Ă TpR3 “ R3, @p P S.

@p P S, we pick local chart X : V Ñ U
open
Ă S ãÑ R3, pu, vqT ÞÑ

pxpu, vq, ypu, vq, zpu, vqqT , called a local parametrization of S.

Xu :“ X˚p
B

Bu
q “ p

Bx

Bu
,

By

Bu
,

Bz

Bu
qT .

Xv :“ X˚p
B

Bv
q “ p

Bx

Bv
,

By

Bv
,

Bz

Bv
qT .

The standard restrction on R3 restricts to a Riemann matrix on S i.e. @p P

S, we have a symmetric, positive definite bilinear form ⟨´,´⟩p : TpS b TpS Ñ

R, ⟨ω1, ω2⟩p “ ⟨ω1, ω2⟩R3 .

⟨´,´⟩ is determined by the quadratic form Ip : TpS Ñ R, v⃗ ÞÑ |v⃗|2 called the
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1st fundamental form

Example 8.3. S “ graphpfq “ tpu, v, fpu, vqqu. Then

Xu “

¨

˚

˚

˚

˚

˝

1

0

Bf

Bu

˛

‹

‹

‹

‹

‚

, Xv “

¨

˚

˚

˚

˚

˝

0

1

Bf

Bv

˛

‹

‹

‹

‹

‚

So IppaXu ` bXvq “ a2 ` b2 ` pa
Bf

Bu
` b

Bf

Bv
q2

Recall that the induced volume form on R2 is dVol “
a

detpgqdudv “ |Xu ˆ

Xv|dudv.

8.3 Gauss map

From now on, assume S is oriented, pick oriented local parametrization X .

Then @p P S, DNppq P R3 s.t. |Nppq| “ 1, Nppq K TpS, pXu, Xv, Nppqq oriented

basis of R3. Nppq is called the normal vector of S at p. Gauss map is N : S Ñ

S2, p ÞÑ Nppq.

Take the differential at p, dNp “ N˚,p : TpS Ñ TNppqS
2 “ NppqK “ TpS.

Proposition 8.4. dNp : TpS Ñ TpS is symmetric or equivalently self-adjoint. i.e.

⟨dNppω1q, ω2⟩p “ ⟨ω1, dNppω2q⟩p , @ω2 P TpS

Proof. Take local parametrization X : V Ñ S Ă R3, pu, vq ÞÑ p. By linearity, it

suffices to check ω1 “ Xu and ω2 “ Xv.

⟨Npu, vq, Xu⟩ “ 0 ñ

⟨
BN

Bv
,Xuv

⟩
` ⟨Npu, vq, Xuv⟩ “ 0. So ⟨dNppXvq, Xu⟩ “

´ ⟨Npu, vq, Xuv⟩ “ ⟨Xu, dNppXuq⟩
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Remark 8.5. Here we actually obtain

´ ⟨Nv, Xu⟩ “ ⟨N,Xu,v⟩

Similarly, one can prove

´ ⟨Nu, Xv⟩ “ ⟨N,Xv,u⟩

´ ⟨Nu, Xu⟩ “ ⟨N,Xu,u⟩

´ ⟨Nv, Xv⟩ “ ⟨N,Xv,v⟩

Define the quadratic form IIp : TpS Ñ R, ω ÞÑ ´ ⟨dNppωq, ω⟩. The induced

form is called the 2nd fundamental form

Definition 8.6. Given p P S, a curve α : I Ñ S Ă R3, 0 ÞÑ p. Let np be the normal

vector of α at p. Let θ be the angle between np and Nppq. K is the curvature of α

at p. Kn :“ K ¨ cos θ is called the normal curvature. Then if α is parametrized by

arc length, Kn “ ⟨Nppq, α2psq⟩. Since ⟨Npαpsqq, α1psq⟩ “ 0 ñ

⟨dNppα
1p0qq, α1p0q⟩`⟨Npαp0qq, α2p0q⟩ “ 0 ñ Kn “ ´ ⟨dNppα

1p0qq, α1p0q⟩ “ IIppα
1p0qq

Theorem 8.7 (Meusnier). All curves in S through p P S, with same tangent vector

v P TpS at p, |v| “ 1, have the same normal curvature Kn “ IIppvq. In particular,

Lv “ Span ⟨Np, v⟩, αv “ L X S. Then for αv, Kn “ ˘K at p “ IIppvq.

So we call IIppvq the normal curvature of S in the direction of v P TpS.

Definition 8.8. dNp has eigenvector e1, e2 and

dNppe1q “ ´k1e1, dNppe2q “ ´k2e2

Then k1, k2 is called the principal curvature of S at p, e1, e2 is called the principal
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directions of S at p.

Definition 8.9. If k1, k2 is the principal curvatures of S at p, Np is the Gauss map,

then the Gaussian curvature is K “ det dNp “ k1k2. The average curvature

H “ ´
1

2
trdNp “

1

2
pk1 ` k2q.

Example 8.10. For a cylinder tpx, y, zq|x2 ` y2 “ 1u, Nppq “ p´x,´y, 0q, dNp “

p´x1ppq,´y1ppq, 0q. So k1 “ 0, k2 “ 1, K “ 0.

Example 8.11. S “ tz “ y2 ´ x2u Ă R2. dN “
1

?
4u2 ` 4v2 ` 1

p2u,´2v, 1q. Then

k1 “ 2, k2 “ ´2, K “ ´4 ă 0.

Definition 8.12. For p P S in a surface,

Call it elliptic if det dNp ą 0.

Call it hyperbolic if det dNp ă 0.

Call it parabolic if det dNp “ 0 but dNp ‰ 0, or call it planar if dNp “ 0.

The 1st fundamental form Ip “ Edu2 ` 2Fdudv ` Gdv2 where

E “ ⟨Xu, Xu⟩ , F “ ⟨Xu, Xv⟩ , G “ ⟨Xv, Xv⟩ (8.1)

However, IIpα1q “ edu2 ` 2fdudv ` gdv2 where

e “ ⟨N,Xu,u⟩ , f “ ⟨N,Xu,v⟩ , g “ ⟨N,Xv,v⟩ (8.2)
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Since tXu, Xv, Nu is an orthogonormal basis in R3, ⟨N,N⟩ “ 1 ñ 2 ⟨Nu, N⟩ “ 0

if we take
B

Bu
. Then

$

’

’

&

’

’

%

Nu “ a11Xu ` a21Xv

Nv “ a12Xu ` a22Xv

Then for dNpα1q “ dNpXu ¨ u1 ` Xv ¨ v1q “

¨

˝

a11 a12

a21 a22

˛

‚¨

¨

˝

u1

v1

˛

‚. Therefore, dN “

¨

˝

a11 a12

a21 a22

˛

‚. Now

f “ ⟨N,Xu,v⟩ “ ´ ⟨Nv, Xu⟩ “ ´ ⟨a12Xu ` a22Xv, Xu⟩ “ ´a12E ´ a22F

Similarly, one can prove

f “ ´ ⟨Nv, Xu⟩ “ ´a12E ´ a22F

e “ ´ ⟨Nu, Xu⟩ “ ´a11E ´ a21F

g “ ´ ⟨Nv, Xv⟩ “ ´a12F ´ a22G

So

´

¨

˝

e f

f g

˛

‚“

¨

˝

a11 a12

a21 a22

˛

‚

¨

˝

E F

F G

˛

‚

ñ
¨

˝

a11 a12

a21 a22

˛

‚“ ´
1

EG ´ F 2

¨

˝

e f

f g

˛

‚

¨

˝

G ´F

´F E

˛

‚ (8.3)

i.e.
a11 “

fF ´ eG

EG ´ F 2
a12 “

gF ´ fG

EG ´ F 2

a21 “
eF ´ fE

EG ´ F 2
a22 “

fE ´ gE

EG ´ F 2

(8.4)
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So K “ det dNp “
eg ´ f 2

EG ´ F 2
, H “ ´trdNp “

1

2
¨
eG ´ 2fF ` gE

EG ´ F 2
.

Example 8.13. For torus T 2 “ S1 ˆ S1,

Xpu, vq “ ppa ` r cos uq cos v, pa ` r cos uq sin v, r sin uq.

Then we can calculate E,F,G,N by calculating Xu, Xv. And we obtain f, g, e

in a similar way. The result

K “
eg ´ f 2

EG ´ F 2
“

cos u

rpa ` r cos vq

Then
$

’

’

’

’

’

&

’

’

’

’

’

%

K “ 0 u “
π

2
or

3π

2

K ă 0
3π

2
ą u ą

π

2

K ą 0 otherwise

So the torus is elliptic in the outer half and is hyperbolic in the inner half.

Theorem 8.14 (Gauss Theorem EGREGIUM). K is the invariant of S, only depending

on E,F,G. Equivalently, Gauss curvature is invariant under local isometry.

Proof. For tXu, Xv, Nu an orthogonormal basis of R3, let

Xu,u “ Γ1
11Xu ` Γ2

11Xv ` L1N

Xu,v “ Γ1
12Xu ` Γ2

12Xv ` L2N

Xv,u “ Γ1
21Xu ` Γ2

21Xv ` rL2N

105



Xv,v “ Γ1
22Xu ` Γ2

22Xv ` L3N

where Γkij is called Cristopher symbol, Γi21 “ Γi21, i “ 1, 2

Nu “ a11Xu ` a12Xv

Nv “ a12Xu ` a22Xv

Then take the inner product of Xu,u with N,Xu, Xv separately

e “ ⟨Xu,u, N⟩ “ L1

1

2
Eu “

1

2
¨

B

Bu
⟨Xu, Xu⟩ “ ⟨Xu,u, Xu⟩ “ Γ1

1,1E ` Γ2
12F

Fu ´
1

2
Ev “ ⟨Xu,u, Xv⟩ “ Γ1

11F ` Γ2
11G

So we have

$

’

’

’

’

’

&

’

’

’

’

’

%

L1 “ e

Γ1
11E ` Γ2

11F “
1

2
Eu

Γ1
11F ` Γ2

11G “
1

2
Fu ´

1

2
Ev

i.e.

¨

˝

Γ1
11

Γ2
11

˛

‚“

¨

˝

E F

F G

˛

‚

´1¨

˝

1

2
Eu

Fu ´ 1
2
Ev

˛

‚ (8.5)

So any Γkij can be represented by E,F,G.

Now since pXu,uqv “ pXv,vqu.
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B

Bv
Xu,u “ ppΓ1

11qvXu ` Γ1
11Xuvq ` ppΓ2

11qvXv ` Γ2
11Xvvq ` ppe1qvN ` eNvq

“ pΓ1
11qvXu ` Γ1

11ppΓ1
12qXu ` Γ2

12Xv ` fNq

` pΓ2
11qvXv ` Γ2

11pΓ1
22Xu ` Γ2

22Xv ` gNq

` evN ` epa12Xu ` a22Xvq

(8.6)

Similarly, one can calculate that

B

Bu
Xu,v “ pΓ1

12quXu ` Γ1
12pΓ1

11Xu ` Γ2
11Xv ` eNq

` pΓ2
12quXv ` Γ2

12pΓ1
12Xu ` Γ2

12Xv ` fNq

` fuN ` fpa11Xu ` a21Xvq

(8.7)

The coefficients of Xv is

Γ1
11Γ

2
12 ` pΓ2

11qv ` Γ2
11Γ

2
22 ` ea22 “ Γ1

12Γ
2
11 ` pΓ2

12qu ` Γ2
12Γ

2
12 ` fa21

where

ea22 ´ fa21 “
pefF ´ egEq ´ pfeF ´ f 2Eq

EG ´ F 2
“

pf 2 ´ egqE

EG ´ F 2
“ ´KE

So we obtain

pΓ1
11Γ

2
12 ` pΓ2

11qv ` Γ2
11Γ

2
22q ´ pΓ1

12Γ
2
11 ` pΓ2

12qu ` Γ2
12Γ

2
12q

E
“ K (8.8)

Here we have proved that K can be represented by E,F,G.
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This is the Gauss formula we obtain

pΓ2
12qu ´ pΓ2

11qv ` Γ1
12Γ

2
11 ` Γ2

12Γ
2
12 ´ Γ2

11Γ
2
22 ´ Γ1

11Γ
2
12 “ ´EK (8.9)

Similarly, one can prove for the coefficients of Xu

pΓ1
12qu ´ pΓ1

11qv ` Γ2
12Γ

1
12 ´ Γ2

11Γ
1
22 “ FK (8.10)

It is (when F ‰ 0) merely another form of the Gauss formula.

And the coefficients of N

ev ´ fu “ eΓ1
12 ´ fpΓ2

12 ´ Γ1
11q ´ gΓ2

11 (8.11)

By applying the same process to pxv,vqu “ pxu,vqv, we obtain the equation giv-

ing again the Gauss formula (8.9). Furthermore, we can obtain another equation

fv ´ gu “ eΓ1
22 ` fpΓ2

22 ´ Γ1
12q ´ gΓ2

12 (8.12)

(8.11) and (8.12) are called Maindardi-Codazzi equations

The Gauss formula and the Mainardi-Codazzi equations are known under the

name of compatibility equations of the theory of surfaces.

Theorem 8.15. If E,F,G, e, f, g satisfies (8.9) „ (8.12), then it uniquely determines a

surface.

8.3.1 Covariant derivative

For S ãÑ R3 regular surface, p P S, X P ΓpTSq “ C8pS,R3q, X : q P S Ñ Xq P

TqS Ă TqR3 “ R3.

y P TpS define covariant derivative of X in the direction of y s.t. ∇yX “
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PjTpSpypXqq where PjV is the orthogonal projection to V . So we define a map

X P ΓpTXq Ñ ∇yX P TpS.

Given vector fields X,Y P ΓpTSq, define ∇YX P ΓpTSq by

p∇YXqp “ ∇YpX P TpS, @p P S (8.13)

Then ∇ : ΓpTSq ˆ ΓpTSq Ñ ΓpTSq, pX,Y q ÞÑ ∇YX .

Lemma 8.16.

À ∇ is bilinear.

Á ∇fYX “ f ¨ ∇YX

Â (Leibniz rule) ∇Y pfXq “ f∇YX ` Y pfq ¨ X .

Ã (compatibility with metric) Y p⟨X1, X2⟩q “ ⟨∇TX1, X2⟩ ` ⟨X1,∇YX2⟩

Ä (torsion free) ∇XY ´ ∇XY “ rX,Y s.

Proof. À is straight forward.

Á

p∇fYXqp “ ∇fppqYpX

“ pfpfppqYppXqq

“ fppq ¨ PjpYppXqq

“ pf ¨ ∇YXqp

Â

p∇Y fXqp “ PjpYppfXqq
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“ PjpfppqYppXq ` YpfXpq

“ fppqPjpYppXqq ` YppfqXp

“ pf ¨ ∇YX ` Y pfqXqp

Ã

pY ⟨X1, X2⟩qp “ ⟨YppX1q, X2,p⟩ ` ⟨X1,p, YppX2q⟩

“
⟨
∇YpX1, X2,p

⟩
`
⟨
X1,p,∇YpX2

⟩
“ p⟨∇YX1, X2⟩ ` ⟨X1,∇YX2⟩qp

Ä Define torpX,Y q :“ ∇XY ´ ∇YX ´ rX,Y s Then

torpfX, Y q “ ∇fXY ´ ∇Y fX ´ rfX, Y s

“ f∇XY ´ f∇YX ´ Y pfq ¨ X ´ f rX,Y s ` Y pfqX

“ ftorpX,Y q

Take local chart pU, x1, x2q of S. Suffices to check torpX,Y q “ 0, @X,Y P ΓpTUq.

For X1 “ Bx1, X2 “ Bx2, if we denote X “ f1X1 ` f2X2, Y “ g1X1 ` g2X2, then

it suffices to check torpX1, X2q.

For the inclusion map S
ι

ãÑ R3. X1 “
Bι

Bx1
P C8pS,R3q, X2 “

Bι

Bx2
P C8pS,R3q.

Then

∇X1X2 “ Pjp
B2ι

Bx1Bx2
q∇X2X1

So torpX1, X2q “ 0.

Definition 8.17. A bilinear map ∇ : ΓpTSqˆΓpTSq Ñ ΓpTSq that satisfies À „ Â is

called a connection on TS. A connection allows us to take covariant derivative of

vector fields. A connection that satisfies Ã,Ä is called a Levi-Civata connection,
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denoted as ∇LC

Theorem 8.18. ∇LC is uniquely determined by the first fundamental form. i.e. ∇LC

is an intrinsic quantity. Equivalently, it is invariant under isometry.

Proof. Take pU, x1, x2q, set Xi “
B

Bxi
P ΓpTUq.

Christoffel symbol ∇Xi
Xj “

ÿ

k“1,2

Γki,jXk, Γki,j P C8pU,Rq. Then torsion free is

equivalent to Γki,j “ Γki,j .

Let gi,j “ ⟨Xi, Xj⟩ P C8pU,Rq be the first fundamental form.

Then
Bg11
Bx1

Ã
“ 2 ⟨∇X1X1, X1⟩ ñ

Γ1
11g11 ` Γ2

11g12 “
1

2
¨

Bg11
Bx1

(8.14)

Bg12
BX1

Ã
“ ⟨∇X1X1, X2⟩ ` ⟨X1,∇X1X2⟩ “ ⟨∇X1X1, X2⟩ ` ⟨X1,∇X2X1⟩ “

⟨∇X1X1, X2⟩ `
1

2
¨

Bg11
Bx2

. So

⟨∇X1X1, X2⟩ “
Bg12
Bx1

´
1

2
¨

Bg11
Bx2

(8.15)

i.e.

Γ1
11g12 ` Γ2

11g22 “
Bg12
Bx1

´
1

2
¨

Bg11
Bx2

(8.16)

So combined with (8.14) and (8.16)

¨

˝

Γ1
11

Γ1
11

˛

‚“ pgijq ¨

¨

˚

˚

˚

˚

˝

1

2
¨

Bg11
Bx1

Bg12
Bx1

´
1

2
¨

Bg11
Bx2

˛

‹

‹

‹

‹

‚

(8.17)

where pgijq “ pgijq
´1.

So Γ1
11, Γ2

12 is uniquely determined by gij . Similar for other Γkij .
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A natural question is to compute ∇X1∇X2´∇X2∇X1 , or ∇X∇Y ´∇Y∇X´∇rX,Y s

more generally.

Define RpX,Y, ZqP ΓpTSq by ∇X∇YZ ´ ∇Y∇XZ ´ ∇rX,Y sZ.

Proposition 8.19. @f, h, ρ P C8pS,Rq, RpfX, hZ, ρZq “ fhρRpX,Y, Zq.

Corollary 8.20. RpX,Y, Zqp only depends on Xp, Yp, Zp i.e. R P ΓpHompTS b TS b

TS, TSqq “ ΓpT ˚S b T ˚S b T ˚S b TSq is a tensor field.

Proof of corollary. Left as exercise.

Proof of Proposition. Consider the case f ” h ” 1.

RpX,Y, ρZq “ ∇X∇Y ρZ ´ ∇Y∇XρZ ´ ∇rX,Y sρZ

“ ∇Xpρ∇YZ ` Y pρqZq ´ ∇Y pρ∇XZ ` XpρqZq ´ ρ∇rX,Y sZ ´ rX,Y spρqZ

“ ρ∇X∇YZ ` Xpρq∇YZ ` Y pρq∇XZ ` XY pρqZ

´ ρ∇Y∇XZ ´ Y pρq∇XZ ´ Xpρq∇YZ ´ Y XpρqZ

´ ρ∇rX,Y sZ ´ rX,Y spρqpZq

“ ρRpX,Y, Zq

RpX,Y, Zq is an intrinsic quantity. There is a relation with Gauss curvature K.

Theorem 8.21. For any orthogonormal basis V1, V2 of TpS, RpV1, V2, V1q “ ´KppqV2.

Corollary 8.22 (Gauss Theorem EGREGIUM). K is an intrinsic quantity.

Proof. Take local chart pU, x1, x2q s.t. V1 “ X1,p, V2 “ X2,p. S
ρ

ãÑ R3. Then

Xi “
Bρ

Bxi
P C8pS,R3q. For any i, j, define Xj,k “

B2ρ

BxjBxk
.

@p P U , pX1,p, X2,p, Npq is a basis for TpR3, where N : S Ñ S2 Ă R3 is the Gauss

map. Then
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X11 “ X1pX1q “ ∇X1X1 ` L1N

X12 “ X2pX1q “ ∇X2X1 ` L2N

X21 “ ∇X1X2 ` L2N

X22 “ ∇X2X2 ` L3N

where L1, L2, L3 P C8pU,Rq. The second fundamental form is given by matrix
¨

˝

L1 L2

L2 L3

˛

‚.

RpX1, X2, X1q “ ∇X1∇X2X1 ´ ∇X2∇X1X1

“ ∇X1pX12 ´ L2Nq ´ ∇X2pX11 ´ L1Nq

“ PjpX112 ´ X1pL2Nq ´ X211 ` X2pL1Nqq

“ PjpL1X2pNq ´ L2X1pNqq

“ PjpL1N2 ´ L2N1q

As we proved before, (see Remark 8.5)

$

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

%

⟨X1, N1⟩ “ ´L1

⟨X1, N2⟩ “ ´L2

⟨X2, N1⟩ “ ´L2

⟨X2, N2⟩ “ ´L3

(8.18)
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and ⟨N,N1⟩ “ 0 since ⟨N,N⟩ ” 1. X1, X2, N orthogonormal ñ

N1 “ ´L1X1 ´ L2X2, N2 “ ´L2X1 ´ L3X2

Then RpX1, X2, X1q “ PjpL1N2 ´ L2N1q “ PjpL2
2X2 ´ L1L3X2q “ ´PjpKX2q “

´K.

8.4 Parallel transport

For γ : I Ñ S curve on S, a vector field W along γ is an assignment t P I ;

Wt P TγptqS Ă R3. We can view W as W P C8pI,R3q. i.e.

tvector fields over γu “ tW : I Ñ R3|W ptq P TγptqS, @t P Iu “ Γpγ˚TSq

where γ˚TS is the pullback of TS.

Define covariant derivative (along γ)

∇γ1ptqpW q “ PjTγptqS

ˆ

dW

dt

˙

P Γpγ˚TSq

which is another vector field over γ.

Example 8.23.

(1) γ1ptq P Γpγ˚pTSqq.

(2) γ parametrized by arc length, @t, D unique Nγ
γptq P TγptqS s.t. pγ1ptq, Nγ

γptqq is

an oriented orthogonormal basis for TγptqS. So we can define the normal ve

tor field of γ as Nγ : t ÞÑ Nγ
γptq.
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(3) Given X P ΓpTSq, X|γ P Γpγ˚TSq, t ÞÑ Xγptq, then we have

∇γ1ptqpX|γq “ ∇γ1ptqX

So the notation is compatible.

Given W P Γpγ˚pTSqq, say W is parallel if ∇γ1ptqW “ 0, @t P I .

We say γ is a geodesic if γ1ptq is parallel, i.e. ∇γ1ptqγ
1ptq “ 0, which generalizes

the straight line in R2.

For γ : I Ñ S ãÑ R3 parametrized by arc length. Then |γ1ptq| “ 1 ñ γ2ptq K

γ1ptq ñ γ2ptq “ Kg ¨ Nγ
γptq ` Kn ` NS

γptq where Kg is called the geodesic curvature

and Kn is the normal curvature.

Kpγq2 “ K2
g ` K2

n is called the curvature of γ as curve in R3.

∇γ1ptqγ
1ptq “ KgN

γ
γptq so γ is geodesic if and only if Kg “ 0.

Example 8.24. S “ S2 “ tx2 ` y2 ` z2 “ 1u, γ : R Ñ S, γptq “ pcos t, sin t, 0q.

Then γ1ptq “ p´ sin t, cos t, 0q, Nγ
γptq “ p0, 0, 1q, NS

γptq “ pcos t, sin t, 0q. γ2ptq “

p´ cos t,´ sin t, 0q “ ´NS
γptq ñ Kg “ 0, Kn “ ´1 ñ γ is a geodesic.

Indeed, there is a fact about geodesic in S2

Fact 8.25. γ : I Ñ S2 is a geodesic if and only if γ moves along a big circle in a constant

speed.

Fact 8.26. γ : I Ñ S is a geodesic if and only if @t0 P I , Dε ą 0 s.t. @t1 P I, |t1´t0| ă ε,

we have lpγ|rt0,t1sq “ dpγpt0q, γpt1qq, where

lpηq “

ż

I

η1ptqdt, dpp, qq “ mintlpηq|η : r0, 1s Ñ S ηp0q “ p, ηp1q “ qu

i.e. Geodesic is the shortest path between two points locally.
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8.5 Gauss-Bonnet Theorem

Theorem 8.27 (Gauss-Bonnet Theorem). S closed and oriented surface. Then

ż

S

KdVol “ 2πχpSq (8.19)

There is a generalization for a famous result: The sum of the outer angles of

the polygon is 2π.

For γ : I “ r0, T s Ñ S.

Say γ is simple if γpt1q ‰ γpt2q for t1 ‰ t2 (except t10, t2 “ T )

Say γ is closed if γp0q “ γpT q.

Say γ is piece C1 if D 0 “ t0 ă t1 ă ¨ ¨ ¨ ă tn “ T s.t. γi “ γ|rti,ti`1s is C1.

For each i, we have

γ1
´ptiq :“ lim

tÑt´i

γptq ´ γptiq

t ´ ti
, γ1

`ptiq “ lim
tÑt`i

γptq ´ γptiq

t ´ ti

They are both in TγptqS. θi is defined as the angle from γ1
´ptiq to γ1

`ptiq, θi P r´π, πs.

γ : I Ñ S ãÑ R3, γpIq Ă U – R2, U
px1,x2q
ÝÝÝÝÑ

–
R2 oriented local chart. X1 “

B

Bx1
, X2 “

B

Bx2
P ΓpTUq

GS
; e1, e2 P ΓpTUq such that ⟨ei, ej⟩ “ δij .

Assume γ parametrized by arc length t, i.e. γ1ptq “ 1 ñ Dφ : I Ñ R s.t.

γ1ptq “ cosφptq ¨ e1,γptq ` sinφptqe2,γptq.

Define the rotation number of γ, rotpγq “ φpt1q ´ φpt0q for I “ rt0, t1s.

Theorem 8.28. Let γ “ γ1 Y γ2 Y ¨ ¨ ¨ Y γn be a piecewise C1 simple closed curve whose

image is contained in U Ă S, γ : I Ñ U Ă S ãÑ R3. Then

n
ÿ

i“1

rotpγiq `

n
ÿ

i“1

θi “ 2π

Proof. When S “ R2 ãÑ R3 is the standard embedding, see Do Garmo. Here is a
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simplified proof

For △ “ tpx, yq P R2|0 ď x ď y ď 1u, f : △ Ñ S1

fpx, yq “

$

’

’

’

’

’

&

’

’

’

’

’

%

γpxq´γpyq

|γpxq´γpyq|
, x ‰ y, px, yq ‰ p0, 1q

γ1pxq

|γ1pxq
, x “ y

´γ1p0q px, yq “ p0, 1q

(8.20)

Then f |C , f |AYB are loops in S1, where C is the hypotenuse and A,B are the legs

of this triangle.

Observe that 2π ¨ degpf |Cq “ rotpγq “ 2π degpf |AYBq, fp0, yq “
γpyq ´ γp0q

|γptq ´ γp0q|
“

´fps, 1q.

Since DL Ă R2, L tangent to γ at γp0q, γ fall on one side of L ñ f |A is not

surjective. By considering fundamental group, we can prove degpf |AYBq “ 1.

Thus, degpf |Cq “ 1, which is what we need.

Here are some notations we use below: pU, x1, x2q chart of S, X1, X2, e1, e2 de-

fined above.

Proposition 8.29. Dα P Ω1pUq s.t. ∇V e1 “ αpV qe2, ∇V e2 “ ´αpV qe1, @V P ΓpTUq.

Furthermore, KdVol “ ´dα.

Proof.

$

’

’

’

’

’

&

’

’

’

’

’

%

⟨e2, e2⟩ “ 1

⟨e1, e1⟩ “ 1

⟨e1, e2⟩ “ 0

ñ

$

’

’

’

’

’

&

’

’

’

’

’

%

⟨∇V e1, e1⟩ “ 0

⟨∇V e2, e2⟩ “ 0

⟨∇V e1, e2⟩ “ ´ ⟨e1,∇V e2⟩

ñ

$

’

’

&

’

’

%

∇V e1 “ τpV qe2

∇V e2 “ ´τpV qe1

for some τ : ΓpTUq Ñ C8pUq.
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∇fV e1 “ f∇V e1 ñ τpfV q “ fτpV q. So τ is a (0,1)-tensor, i.e. τ P

ΓpHompTU,Rqq. ñ D α P Ω1pUq s.t. τpV q “ αpV q.

Still need to prove pKdαqp “ p´dαqp. @p P U . We may assume X1,p “ e1,p and

X2,p “ e2,p that are orthogonormal.

By theorem 8.21, RpX1,p, X2,p, e1,pq “ ´Kppqe2,p. i.e.

´Kppqe2,p “ RpX1,p, X2,p, e1,pq

“ p∇X1∇X2e1 ´ ∇X2∇X1e1qp

“ p∇X1αpX2qe2 ´ ∇X2αpX1qe2qp

“ pX1αpX2q ´ X2αpX1qqp ¨ e2,p

“ dαpX1, X2qpe2,p

So pdαqp “ ´Kppqe˚
1 ^ e˚

2 “ ´KppqpdVolqp

Theorem 8.30 (Local Gauss-Bonnet Theorem). γ : I Ñ U Ă S ãÑ R3, γ “ γ1 Y

¨ ¨ ¨ Y γn simple closed and piecewise C1 curve. γ bounds a region R Ă U , oriented γ as

BR. Then
n
ÿ

i“1

ż

γi

KgdS `

n
ÿ

i“1

θi `

ż

R

KdVol “ 2π

Proof. For γ parametrized by arc length, let

γ1
iptq “ cosφiptqe1 ` sinφiptqe2, N

γi
γiptq

“ ´ sinφiptqe1 ` cosφiptqe2

Then

∇γ1ptqγ
1ptq “ cosφiptq∇γ1ptqe1 ` sinφiptq∇γ1ptqe2

“ αpγ1
iptqqNγ

γ1ptq ` φ1
iptq ¨ Nγ

γptq

“ pαpγ1
iptqq ` φ1

iptqqNγ
γptq
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Kg “ αpγ1
iptqq ` φ1

iptq ñ

ż

γi

KgdS “

ż

γi

α ` rotpγiq ñ

n
ÿ

i“1

ż

γi

KgdS `

n
ÿ

i“1

θi “

n
ÿ

i“1

ż

γi

α `

n
ÿ

i“1

rotpγiq `

n
ÿ

i“1

θi

“

ż

γ

α ` 2π

“

ż

R

dα ` 2π

“ ´

ż

R

KdVol ` 2π

To prove the general Gauss-Bonnet theorem, only need to use triangulation of

S.
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